
DOI 10.1140/epja/i2004-10055-3

Eur. Phys. J. A 23, 79–111 (2005) THE EUROPEAN
PHYSICAL JOURNAL A

On kaonic deuterium. Quantum field-theoretic and relativistic
covariant approach

A.N. Ivanova,b, M. Cargnellic, M. Faberd, H. Fuhrmanne, V.A. Ivanovaa,f , J. Martong, N.I. Troitskayaa, and
J. Zmeskalh

Atominstitut der Österreichischen Universitäten, Arbeitsbereich Kernphysik und Nukleare Astrophysik, Technische Univer-
sität Wien, Wiedner Hauptstr. 8-10, A-1040 Wien, Austria, and Institut für Mittelenergiephysik Österreichische Akademie der
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Abstract. We study kaonic deuterium, the bound K−d state AKd. Within a quantum field-theoretic and
relativistic covariant approach we derive the energy level displacement of the ground state of kaonic deu-
terium in terms of the amplitude of K−d scattering for arbitrary relative momenta. Near threshold our
formula reduces to the well-known DGBT formula. The S-wave amplitude of K−d scattering near thresh-
old is defined by the resonances Λ(1405), Σ(1750) and a smooth elastic background, and the inelastic
channels K−d → NY and K−d → NY π, where Y = Σ±, Σ0 and Λ0, where the final-state interactions
play an important role. The Ericson-Weise formula for the S-wave scattering length of K−d scattering is
derived. The total width of the energy level of the ground state of kaonic deuterium is estimated using the
theoretical predictions of the partial widths of the two-body decays AKd → NY and experimental data on
the rates of the NY pair production in the reactions K−d → NY . We obtain Γ1s = (630 ± 100) eV. For
the shift of the energy level of the ground state of kaonic deuterium we predict ε1s = (325± 60) eV.

PACS. 11.10.Ef Lagrangian and Hamiltonian approach – 11.55.Ds Exact S matrices – 13.75.Gx Pion-
baryon interactions – 36.10.-k Exotic atoms and molecules (containing mesons, muons, and other unusual
particles)

1 Introduction

Kaonic deuterium AKd is an analogy of hydrogen with an
electron and the proton replaced by the K−-meson and
the deuteron, respectively. The relative stability of kaonic
deuterium is fully due to Coulomb forces [1–7]. The Bohr
radius of kaonic deuterium, is

aB =
1

µα
=

1

α

(

1

mK
+

1

md

)

= 69 fm, (1.1)
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where µ = mKmd/(mK + md) = 391MeV is a reduced
mass of the K−d system, calculated at mK = 494MeV
and mp = 1876MeV [8], and α = e2/~c = 1/137.036
is the fine-structure constant [8]. Below we use the units
~ = c = 1, then α = e2 = 1/137.036. Since the Bohr ra-
dius of kaonic hydrogen is much greater than the range
of strong low-energy interactions Rstr ∼ 1/mπ− = 1.42 fm
and the radius of the deuteron rd = 4.32 fm [9], the strong
low-energy interactions can be taken into account pertur-
batively [1–7].

According to Deser, Goldberger, Baumann and
Thirring [1] the energy level displacement of the ground
state of kaonic deuterium can be defined in terms of the
S-wave amplitude fK

−d
0 (Q) of low-energy K−d scattering

as follows:

−ε1s + i
Γ1s
2

=
2π

µ
fK

−d
0 (0)|Ψ1s(0)|2, (1.2)

where Ψ1s(0) = 1/
√

πa3B is the wave function of the

ground state of kaonic hydrogen at the origin and fK
−d

0 (0)
is the amplitude of K−d scattering in the S-wave state,
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calculated at zero relative momentum Q = 0 of the
K−d pair. The DGBT formula can be rewritten in the
equivalent form

−ε1s + i
Γ1s
2

= 2α3µ2fK
−d

0 (0), (1.3)

where 2α3µ2 = 602 eV fm−1 and fK
−d

0 (0) is measured in
fm. The formula (1.3) is used by experimentalists for the
analysis of experimental data on the energy level displace-
ment of the ground state of kaonic deuterium [10].

For non-zero relative momentum Q the amplitude

fK
−d

0 (Q) is defined by

fK
−d

0 (Q) =
1

2iQ

(

ηK
−d

0 (Q)e2iδ
K−d
0 (Q) − 1

)

, (1.4)

where ηK
−d

0 (Q) and δK
−d

0 (Q) are the inelasticity and the
phase shift of the reaction K− + d → K− + d, respec-
tively. At relative momentum zero, Q = 0, the inelastic-

ity and the phase shift are equal to ηK
−d

0 (0) = 1 and

δK
−d

0 (0) = 0. For Q → 0 the phase shift behaves as

δK
−d

0 (Q) = aK
−d

0 Q + O(Q2), where aK
−d

0 is the S-wave
scattering length of K−d scattering.

The real part of fK
−d

0 (0) is related to aK
−d

0 as

RefK−d0 (0) = aK
−d

0 . (1.5)

Due to the optical theorem the imaginary part of the am-

plitude fK
−d

0 (0) can be expressed in terms of the total

cross-section σK
−d

0 (Q) for K−d scattering in the S-wave
state

ImfK−d0 (0) = lim
Q→0

Q

4π
σK

−d
0 (Q) =

1

2
lim
Q→0

1

Q

(

1− ηK−d0 (Q) cos 2δK
−d

0 (Q)
)

. (1.6)

The r.h.s. of (1.6) can be transcribed into the form

ImfK−d0 (0) = −1

2

dηK
−d

0 (Q)

dQ

∣

∣

∣

∣

Q=0

. (1.7)

Hence, according to the DGBT formula the energy level
displacement of the ground state of kaonic hydrogen is
defined by

ε1s = −2α3µ2RefK
−d

0 (0) = −2α3µ2aK−d0 ,

Γ1s=4α3µ2ImfK−d0 (0)=−2α3µ2 dη
K−d
0 (Q)

dQ

∣

∣

∣

∣

Q=0

. (1.8)

These are general expressions describing the energy level
displacement of the ground state of kaonic deuterium.

The paper is organized as follows. In sect. 2 we give the
wave function of the ground state of kaonic deuterium in
the momentum and the particle number representations.
We derive the general formula for the energy level displace-
ment of the ground state of kaonic deuterium in terms of

the amplitude of K−d scattering for arbitrary relative mo-
menta of the K−d pair and define the S-wave amplitude

fK
−d

0 (0) of elastic K−d scattering in terms of the S-wave
amplitudes of elastic K−p, K−n and K−(pn)3S1

scatter-
ing, where the np pair couples in the 3S1 state with isospin
zero. In sect. 3 we compute the S-wave amplitude of elas-
tic K−n scattering near threshold. In sect. 4 we derive the
Ericson-Weise formula for the S-wave scattering length of
K−d scattering. In sect. 5 we adduce the general formula
for the S-wave amplitude of elastic K−pn scattering, sat-
urated by the intermediate two-baryon states NY = nΛ0,
nΣ0 and pΣ−. In sects. 6, 7 and 8 we compute the am-
plitudes of the reactions K−(pn)3S1

→ NY → K−(pn)3S1

with theNY pair in the 3P1 and
1P1 states forNY = nΛ0,

nΣ0 and pΣ− pairs, respectively. We compute the contri-
bution of these reactions to the energy level displacement
of the ground state of kaonic hydrogen. In sect. 9 we com-
pare our results with experimental data on the rates of the
reactions K−d → nΛ0, K−d → nΣ0 and K−d → pΣ−,
other theoretical approaches and estimate the expected
value of the total width and the shift of the ground state
of kaonic deuterium, which are Γ1s = (630± 100) eV and
ε1s = (325 ± 60) eV. In the conclusion we discuss the ob-
tained result. For the details of calculations we relegate
readers to [11].

2 Energy level displacement and the wave

function of kaonic deuterium in the ground

state

2.1 Energy level displacement of the ground state of
kaonic deuterium. General formula

According to [4–6] the energy level displacement of the
ground state of kaonic deuterium is defined by

−ε1s + i
Γ1s
2

=
1

4mKmd

1

3

∑

λd=0,±1

∫

d3k

(2π)3

∫

d3q

(2π)3

×
√

mKmd

EK(~k)Ed(~k)

√

mKmd

EK(~q )Ed(~q )

×Φ†1s(~k)M(K−(~q )d(−~q, λd)→

K−(~k)d(−~k, λd))Φ1s(~q ), (2.1)

where we have averaged over polarizations of the deuteron

λd = 0,±1, Φ†1s(
~k) and Φ1s(~q ) are the wave func-

tions of kaonic deuterium in the ground state in the
momentum representation and M(K−(~q )d(−~q, λd) →
K−(~k)d(−~k, λd)) is the amplitude of elastic K−d scat-

tering1. Due to the wave functions Φ†1s(
~k) and Φ1s(~q ) the

main contributions to the integrals over ~k and ~q come from

1 Of course, the energy level displacement of the ground state
of kaonic deuterium does not depend on the polarization of the
deuteron and formula (2.1) is valid for a fixed λd.
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the regions of 3-momenta k ∼ 1/aB and q ∼ 1/aB, where
1/aB ' αµ ' 3MeV. Since typical momenta in the inte-
grand are much less than the masses of coupled particles,
md À mK À 1/aB, the amplitude of K−d scattering can
be defined for low-energy momenta only2.

In the low-energy limit k, q → 0 the relation (2.1) can
be transcribed into the form [4–6]

−ε1s + i
Γ1s
2

=
2π

µ
fK

−d
0 (0)|Ψ1s(0)|2

(

1 + δ
(sm)
1s

)

, (2.2)

where δ
(sm)
1s is equal to [4]

δ
(sm)
1s = −α µ

mK

8√
π

Γ (3/4)

Γ (1/4)
' −10−2. (2.3)

The correction δ
(sm)
1s is universal and related to the smear-

ing of the wave function of exotic atom in the ground state
around the origin r = 0 [4].

For the analysis of the energy level displacement of the
ground state of kaonic deuterium in terms of theK−N and
K−NN interactions we suggest the following. According
to [4–6] the energy level displacement of the ground state
of kaonic deuterium can be defined as

−ε1s + i
Γ1s
2

=

lim
T,V→∞

〈

A
(1s)
K−d(

~P , λd)|T|A(1s)
K−d(

~P , λd)
〉

2E
(1s)
A (~P )V T

∣

∣

∣

∣

∣

~P=0

, (2.4)

where E
(1s)
A (~P ) =

√

~P 2 + (M
(1s)
A )2 is the total energy

of kaonic deuterium in the ground state3, TV is a
4-dimensional volume defined by (2π)4δ(4)(0) = TV [12]
and T is the T -matrix obeying the unitary condition [12]

T− T
† = iT†T. (2.5)

Then, |A(1s)
πd (~P , λd)〉 is the ground-state wave function of

kaonic deuterium in the momentum and particle number
representation.

2 It is obvious that due to formula (2.1) a knowledge of the
amplitude ofK−d scattering for all relative momenta from zero
to infinity should give a possibility to calculate the energy level
displacement of the ground state of kaonic deuterium without
any low-energy approximation.

3 Here M
(1s)
A = mK + md + E1s and E1s = −α2µ/2 =

−10.41 keV are the mass and the binding energy of kaonic deu-
terium in the ground state.

2.2 Wave function of kaonic deuterium in the ground
state

The wave function |A(1s)
πd (~P , λd)〉 of kaonic deuterium in

the ground state we determine as
∣

∣

∣
A
(1s)
K−d(

~P , λd = ±1)
〉

=

1

(2π)3

∫

d3kK
√

2EK(~kK)

d3kd
√

2Ed(~kd)

×
√

2E
(1s)
A (~kK + ~kd)δ

(3)(~P − ~kK − ~kd)Φ1s(~kK)

× 1

(2π)3

∫

d3kp
√

2Ep(~kp)

d3kn
√

2En(~kn)

×
√

2Ed(~kp + ~kn)δ
(3)(~kd − ~kp − ~kn)Φd

(~kp − ~kn
2

)

×c†K−(~kK)a†p(
~kp,±1/2)a†n(~kn,±1/2)|0〉,

∣

∣

∣
A
(1s)
K−d(

~P , λd = 0)
〉

=

1

(2π)3

∫

d3kK
√

2EK(~kK)

d3kd
√

2Ed(~kd)

×
√

2E
(1s)
A (~kK + ~kd)δ

(3)(~P − ~kK − ~kd)Φ1s(~kK)

× 1

(2π)3

∫

d3kp
√

2Ep(~kp)

d3kn
√

2En(~kn)

×
√

2Ed(~kp + ~kn)δ
(3)(~kd − ~kp − ~kn)Φd

(~kp − ~kn
2

)

×c†K−(~kK)
1√
2

[

a†p(
~kp,+1/2)a†n(

~kn,−1/2)

+ a†p(
~kp,−1/2)a†n(~kn,+1/2)

]

|0〉, (2.6)

where Φd(~k) is the wave function of the deuteron as a
bound np state with a total isospin zero, I = 0, and a
total spin one, S = 1. It is normalized to unity [4]

∫

d3k

(2π)3
|Φd(~k)|2 = 1. (2.7)

The operators c†K−(
~kK), a†p(

~kp, σp) and a
†
n(
~kn, σn) create

theK−-meson, the proton and the neutron and obey stan-
dard canonical and relativistic covariant commutation (for
theK−-meson) and anti-commutation (for the proton and
the neutron) relations. In appendix A of [11] we show that
the wave function (2.6) describes the np pair in the bound
3S1 state with a total isospin zero, I = 0. One can show [4]
that the wave function (2.6) is normalized as

〈

A
(1s)
πd (~P ′, λ′d)|A

(1s)
πd (~P , λd)

〉

=

(2π)32E
(1s)
A (~P )δ(3)(~P ′ − ~P )δλ′

d
λd . (2.8)

Using the wave function (2.6) the energy level displace-
ment of the ground state of kaonic deuterium can be
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transcribed into the form

−ε1s + i
Γ1s
2

=

∫

d3k d3K

(2π)6
Φ∗1s(

~k)Φ∗d(
~K + ~k/2)

√

2EK(~k)2Ep( ~K)

×
∫

d3q d3Q

(2π)6
Φ1s(~q )Φd( ~Q+ ~q/2)
√

2EK(~q )2Ep( ~Q)

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )p( ~Q, σp)→
K−(~k)p( ~K, σp))

+

∫

d3k d3K

(2π)6
Φ∗1s(

~k)Φ∗d(
~K + ~k/2)

√

2EK(~k)2En( ~K)

×
∫

d3q d3Q

(2π)6
Φ1s(~q )Φd( ~Q+ ~q/2)
√

2EK(~q )2En( ~Q)

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )n( ~Q, σn)→
K−(~k)n( ~K, σn))

+

∫

d3k d3K

(2π)6
Φ∗1s(

~k)Φ∗d(
~K + ~k/2)

√

2EK(~k)2Ep( ~K)2En( ~K + ~k)

×
∫

d3q d3Q

(2π)6
Φ1s(~q )Φd( ~Q+ ~q/2)

√

2EK(~q )2Ep( ~Q)2En( ~Q+ ~q )

×M(K−(~q )p( ~Q, σp)n(− ~Q− ~q, σn)→
K−(~k)p( ~K, σp)n(− ~K − ~k, σn))

+

∫

d3k d3K

(2π)6
Φ∗1s(

~k)Φ∗d(
~K + ~k/2)

√

2Ep( ~K)2En( ~K + ~k)

×
∫

d3q d3Q

(2π)6
Φ1s(~q )Φd( ~Q+ ~q/2)
√

2Ep( ~Q)2En( ~Q+ ~q )

×(2π)3δ(3)(~k − ~q )M(p( ~Q, σp)n(− ~Q− ~q, σn)
→ p( ~K, σp)n(− ~K − ~k, σn)). (2.9)

The r.h.s. of (2.9) is expressed in terms of the ampli-
tudes of the reactions K−p → K−p, K−n → K−n
and K−(np)3S1

→ K−(np)3S1
, where the np pair cou-

ples in the 3S1 with isospin zero. In principle, the am-
plitudes of the reactions K−p → K−p, K−n → K−n
and K−(np)3S1

→ K−(np)3S1
should contain all correc-

tions caused by QCD isospin-breaking and electromag-
netic interactions and all inelastic channels induced by
both strong, QCD isospin-breaking and electromagnetic
interactions.

We would like to accentuate that the contribution of
the last term in (2.9), describing the transition np→ np,
should be dropped, since it corresponds to a disconnected
Feynman diagram of elastic low-energy K−d scattering.

In order to show this we represent the amplitude of
elastic low-energy K−d scattering as

M(K−(~q )d(−~q, λd)→ K−(~k)d(−~k, λd)) =

lim
T,V→∞

〈K−(~k)d(−~k, λd)|T|K−(~q )d(−~q, λd)〉
V T

. (2.10)

The wave function of the state |K−(~kK)d(~kd, λd)〉 we de-
fine as [12]

∣

∣K−(~kK)d(~kd, λd)
〉

= c†K−(
~kK)|d(~kd, λd)〉, (2.11)

where |d(~kd, λd)〉 is the wave function of the deuteron in
the ground state, which we take in the form [4–6]

∣

∣d(~kd, λd = ±1)
〉

=
1

(2π)3

∫

d3kp
√

2Ep(~kp)

d3kn
√

2En(~kn)

×
√

2Ed(~kp + ~kn)δ
(3)(~kd − ~kp − ~kn)

×Φd
(~kp − ~kn

2

)

a†p(
~kp,±1/2)a†n(~kn,±1/2)|0〉,

∣

∣d(~kd, λd = 0)
〉

=
1

(2π)3

∫

d3kp
√

2Ep(~kp)

d3kn
√

2En(~kn)

×
√

2Ed(~kp + ~kn)δ
(3)(~kd − ~kp − ~kn)

×Φd
(~kp − ~kn

2

)

1√
2

[

a†p(
~kp,+1/2)a†n(

~kn,−1/2)

+ a†p(
~kp,−1/2)a†n(~kn,+1/2)

]

|0〉, (2.12)

normalized as

〈

d(~k′d, λ
′
d)|d(~kd, λd)

〉

=

(2π)32Ed(~kd)δ
(3)(~k′d − ~kd)δλ′dλd . (2.13)

Following the procedure expounded in appendix A of [11]
of one can show that the wave function (2.12) describes
the np pair in the bound 3S1 state with isospin zero, I = 0.

Using (2.12) for the calculation of the matrix elements
of the T -matrix in (2.10), we get

M(K−(~q )d(−~q, λd)→ K−(~k)d(−~k, λd)) =
√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2Ep( ~K)

Φd( ~Q+ ~q/2)
√

2Ep( ~Q)

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )p( ~Q, σp)→

K−(~k)p( ~K, σp)) +

√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2En( ~K)

Φd( ~Q+ ~q/2)
√

2En( ~Q)
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Fig. 1. Feynman diagrams of the reactions, describing the amplitude of low-energy elastic K−d scattering.

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )n( ~Q, σn)→

K−(~k)n( ~K, σn)) +

√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2Ep( ~K)2En(~k + ~K)

× Φd( ~Q+ ~q/2)
√

2Ep( ~Q)2En(~q + ~Q)

×M(K−(~q )p( ~Q, σp)n(−~q − ~Q, σn)→
K−(~k)p( ~K, σp)n(−~k − ~K, σn))

+ (2π)32EK(~k)δ(3)(~k − ~q )2Ed(~k)

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d

(

~K +
1

2
~k

)

Φd

(

~Q+
1

2
~k

)

×M(p( ~Q, σp)n(−~k − ~Q, σn)→ p( ~K, σp)n(−~k − ~K, σn))
√

2Ep( ~K)2En(~k)2Ep( ~Q)2En(~k + ~Q)
.

(2.14)
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The amplitude of low-energy elasticK−d scattering (2.14)
can be represented by Feynman diagrams depicted in
fig. 1. It is seen that the last term is described by the dis-
connected diagram and, therefore, it does not contribute
to the amplitude of K−d scattering. Dropping this term
the amplitude of low-energy elastic K−d scattering reads

M(K−(~q )d(−~q, λd)→ K−(~k)d(−~k, λd)) =
√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2Ep( ~K)

Φd( ~Q+ ~q/2)
√

2Ep( ~Q)

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )p( ~Q, σp)→

K−(~k)p( ~K, σp)) +

√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2En( ~K)

Φd( ~Q+ ~q/2)
√

2En( ~Q)

×(2π)3δ(3)( ~K + ~k − ~Q− ~q )M(K−(~q )n( ~Q, σn)→

K−(~k)n( ~K, σn)) +

√

2Ed(~k)2Ed(~q )

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K + ~k/2)
√

2Ep( ~K)2En(~k + ~K)

× Φd( ~Q+ ~q/2)
√

2Ep( ~Q)2En(~q + ~Q)

×M(K−(~q )p( ~Q, σp)n(−~q − ~Q, σn)→
K−(~k)p( ~K, σp)n(−~k − ~K, σn)). (2.15)

Now we able to define the S-wave amplitude of elastic
K−d scattering near threshold.

2.3 S-wave amplitude of elastic K−d scattering near
threshold

From (2.15) the S-wave amplitude of K−d scattering near
threshold can be defined by

fK
−d

0 (0) =
1

8π

1

1 +mK/md

×
∫

d3K

(2π)3
|Φd( ~K)|2

Ep( ~K)
M(K−(~0)p( ~K, σp)→

K−(~0)p( ~K, σp)) +
1

8π

1

1 +mK/md

×
∫

d3K

(2π)3
|Φd( ~K)|2

En( ~K)
M(K−(~0)n( ~K, σn)→

K−(~0)n( ~K, σn)) +
1

16π

1

1 +mK/md

×
∫

d3K

(2π)3
d3Q

(2π)3
Φ∗d(

~K)
√

Ep( ~K)En( ~K)

× Φd( ~Q)
√

Ep( ~Q)En( ~Q)

×1

3

∑

(σp,σn;3S1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)), (2.16)

where we have averaged over the polarizations of the np
pair in the 3S1 state.

In terms of the S-wave amplitudes fK
−p

0 (K) and

fK
−n

0 (K) of K−p and K−n scattering, respectively, the

S-wave amplitude fK
−d

0 (0) reads

fK
−d

0 (0) =
1

1 +mK/md

∫

d3K

(2π)3

(

1 +
mK

Ep( ~K)

)

×fK
−p

0 (K)|Φd( ~K)|2

+
1

1 +mK/md

∫

d3K

(2π)3

(

1 +
mK

En( ~K)

)

×fK−n0 (K)|Φd( ~K)|2

+
1

16π

1

1 +mK/md

∫

d3K

(2π)3
d3Q

(2π)3

× Φ∗d(
~K)

√

Ep( ~K)En( ~K)

Φd( ~Q)
√

Ep( ~Q)En( ~Q)

×1

3

∑

(σp,σn;3S1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)). (2.17)

The real partRefK−d0 (0) of the S-wave amplitude ofK−d
scattering is defined by

RefK−d0 (0) =
1 +mK/mN

1 +mK/md

×
(

RefK
−p

0 (0) +RefK−n0 (0)
)

+Ref̃K−d0 (0), (2.18)

where we have set mn = mp = mN and denoted

Ref̃K−d0 (0) =

1

16π

1

1 +mK/md

∫

d3K

(2π)3
d3Q

(2π)3

× Φ∗d(
~K)

√

Ep( ~K)En( ~K)

Φd( ~Q)
√

Ep( ~Q)En( ~Q)

×1

3

∑

(σp,σn;3S1)

ReM(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)). (2.19)

The imaginary part ImfK−d0 (0) of the S-wave amplitude
of K−d scattering is determined by the imaginary of the



A.N. Ivanov et al.: On kaonic deuterium. Quantum field-theoretic and relativistic covariant approach 85

amplitude f̃K
−d

0 (0) only. This gives

ImfK−d0 (0) =

1

16π

1

1 +mK/md

∫

d3K

(2π)3
d3Q

(2π)3

× Φ∗d(
~K)

√

Ep( ~K)En( ~K)

Φd( ~Q)
√

Ep( ~Q)En( ~Q)

×1

3

∑

(σp,σn;3S1)

ImM(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)). (2.20)

We accentuate that the decomposition of the real part of
the S-wave amplitude of K−d scattering, given by (2.18),
agrees well with that suggested by Ericson and Weise for
the S-wave scattering length of π−d scattering [3] and
by Barrett and Deloff for the S-wave scattering length of
K−d scattering [13].

Thus, for the calculation of the energy level dis-
placement of the ground state of kaonic deuterium we
have to compute the amplitudes of K−p, K−n and

K−(pn)3S1
scattering near thresholds, fK

−p
0 (0), fK

−n
0 (0)

and f̃K
−d

0 (0), respectively. Since the amplitude fK
−p

0 (0)
has been computed in [6], it is left to compute the real part

of the amplitude fK
−n

0 (0) and the amplitude f̃K
−d(0).

3 S-wave amplitude of K−n scattering near

threshold

The calculation of the S-wave amplitude fK
−n

0 (Q) ofK−n
scattering near threshold we carry out following [6]. The
amplitude of low-energy K−n scattering we represent in
the form

fK
−n

0 (Q) =
1

2iQ

(

ηK
−n

0 (Q)e2iδ
K−n
0 (Q) − 1

)

=

1

2iQ

(

e2iδ
K−n
B (Q) − 1

)

+ e2iδ
K−n
B (Q)fK

−n
0 (Q)R, (3.1)

where ηK
−n

0 (Q) and δK
−n

0 (Q) are the inelasticity and
the phase shift of low-energy K−n scattering, which we

describe in terms of δK
−n

0 (Q)B, the phase shift of an
elastic background of low-energy K−n scattering, and

fK
−n

0 (Q)R, the contribution of the resonances. In the low-

energy limit δK
−n

0 (Q)B = AK−n
B Q, where AK−n

B is a real
parameter, and

fK
−n

0 (0) = AK−n
B + fK

−n
0 (0)R, (3.2)

Since the state |K−n〉 has the isospin one, I = 1, we as-

sume [6] that fK
−n

0 (Q)R is defined by the contribution of
the Σ(1750)-resonance with isospin I = 1 and strangeness

S = −1, the component of the SU(3)flavour octet [14]4.
The effective Lagrangian of the Σ(1750)K̄N interaction
reads [6]

LΣ−2 BP (x) = f2Σ̄
−
2 (x)(Σ−(x)π0(x)−Σ0(x)π−(x))

+
g2√
3
Σ̄−2 (x)Λ0(x)π−(x)

− 1√
2
(g2 − f2)Σ̄−2 (x)n(x)K−(x) + h.c., (3.3)

where f2 and g2 are the phenomenological coupling con-
stants [6]. The value f2 = −g2/3 has been fixed from the
experimental data on the cross-sections for inelastic reac-
tions K−p → Σ±π∓, K−p → Σ0π0 and K−p → Λ0π0.
The value g2 = 1.123 has been calculated from the fit
of the width of the Σ(1750)-resonance equal to ΓΣ2

=
50MeV for mass mΣ2

= 1750MeV [14].

3.1 Real part of fK
−n

0 (0)R

According to [6] the real part RefK−n0 (0)R of the ampli-

tude fK
−n

0 (0)R is equal to

RefK−n0 (0)R =

1

4π

µ

mK

8

9

g22
mΣ2

−mK −mN
= 0.037 fm. (3.4)

The numerical value is obtained for mK = 494MeV and
mN = 940MeV.

Now we should proceed to computing the contribution
of the smooth elastic background of low-energy K−n scat-
tering.

3.2 Elastic background of low-energy K−n scattering

Using the results obtained in [6] one can show that the

smooth elastic background AK−n
B of low-energy elastic

K−n scattering does not contain the contribution of exotic
four-quark states a0(980) and f0(980) and, as has been
pointed out in [6], can be fully determined within the soft-
kaon theorem and current algebra approach [15–17]. The
result reads [6]

AK−n
B =

1

8π

1

F 2
K

mKmN

mK +mN
= (0.200± 0.024) fm, (3.5)

where FK = 113MeV is the PCAC constant of the K-
mesons [8] and ±0.024 fm is an uncertainty of the current
algebra approach [6].

As has been shown in [6] the smooth elastic back-
ground of low-energy K−n scattering can be also de-
fined by the lowest quark box-diagram depicted in fig. 2,
calculated with the effective quark model with chiral

4 For simplicity we denote Σ(1750) as Σ−2 .
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Fig. 2. The quark diagram describing a smooth elastic back-
ground of low-energy elastic K−n scattering in the effective
quark model with chiral U(3)× U(3) symmetry.

U(3)×U(3) symmetry [18–20]. Using the reduction tech-
nique [21] the amplitude of elastic low-energy K−n scat-
tering we define as

(2π)4iδ(4)(q′ + p′ − q − p)M(K−n→ K−n) =

lim
p′2,p2→m2

N
,q′2,q2→m2

K

∫

d4x1d
4x2d

4x3d
4x4

×eiq′·x1+ip
′·x2−ip·x3−iq·x4

×(21 +m2
K)(24 +m2

K)ū(p′, σ′n)
−−−−−−−−−−→
(iγν∂

ν
2 −mN )

×〈0|T(K−(x1)n(x2)n̄(x3)K+(x4))|0〉
×
←−−−−−−−−−−−
(−iγµ∂µ3 −mN )u(p, σn), (3.6)

where n(x) and u(p, σn) are the interpolating field opera-
tor and the Dirac bispinor of the neutron, and K±(x) are
the interpolating fields of the K∓-mesons.

In order to describe the r.h.s. of eq. (3.6) at the quark
level we follow [18] and use the equations of motion

−−−−−−−−−−→
(iγν∂

ν
2 −mN )p(x1) =

gB√
2
ηn(x2),

p̄(x3)
←−−−−−−−−−−−
(−iγµ∂µ3 −mN ) =

gB√
2
η̄n(x3), (3.7)

where ηn(x2) and η̄n(x3) are the three-quark current den-
sities [18]

ηn(x2) = −εijk[d̄ci(x2)γµdj(x2)]γµγ5uk(x2),
η̄n(x3) = +εijkūi(x3)γ

µγ5[d̄j(x3)γµd
c
k(x3)], (3.8)

where i, j and k are colour indices and ψ̄c(x) = ψ(x)TC
and C = −CT = −C† = −C−1 is the charge conjugate
matrix, T denotes transposition, and gB is the phenomeno-
logical coupling constant of the low-lying baryon octet
B8(x) coupled to the three-quark current densities [18]

L(B)int (x) =
gB√
2
B̄8(x)η8(x) + h.c. (3.9)

The coupling constant gB is equal to gB = 1.34 ×
10−4MeV−2 [18].

For the interpolating field operators of the K±-mesons
we use the following equations of motion [18]

(

21 +m2
K

)

K−(x1) =
gK√
2
ū(x1)iγ

5s(x1),

(

24 +m2
K

)

K+(x4) =
gK√
2
s̄(x4)iγ

5u(x4), (3.10)

where gK = (m + ms)/
√
2FK , m = 330MeV and ms =

465MeV are the masses of the constituent u, d and s
quarks, respectively [18,20] (see also [22]).

The amplitude of low-energy elastic K−p scattering is
defined by

M(K−n→ K−n) = −i1
4
g2Bg

2
K

×
∫

d4x1d
4x2d

4x3e
iq′·x1+ip

′·x2−ip·x3 ū(p′, σ′n)

×〈0|T(ū(x1)iγ5s(x1)ηn(x2)η̄n(x3)s̄(0)iγ5u(0))|0〉
×u(p, σn), (3.11)

where the external momenta q′, p′, q and p should be kept
on-mass shell q′2 = q2 = m2

K and p′2 = p2 = m2
N .

In appendix B of [11] we have computed the vac-

uum expectation value. The parameter AK−n
B , defining the

smooth elastic background of low-energy K−n scattering,
is equal to

AK−n
B =

M(K−n→ K−n)

8π(mK +mN )
= (0.221± 0.024) fm. (3.12)

The value of the smooth elastic background of low-energy
K−n scattering, calculated with the effective quark model
with chiral U(3) × U(3) symmetry, agrees well with that
calculated within the soft-kaon theorem and current alge-
bra approach (3.5).

3.3 Real part of the S-wave amplitude of K−n
scattering near threshold and the S-wave scattering
lengths of K−N scattering with isospin I = 0 and I = 1

Using the results obtained in sects. 3.1 and 3.2 we can

compute the real part of the amplitude fK
−n

0 (0) of K−n
scattering near threshold

RefK−n0 (0) = (0.258± 0.024) fm. (3.13)

Since the K−n couples in the state with isospin I = 1,

the real part of the S-wave amplitude fK
−n

0 (0) defines
the S-wave scattering length a10 of K̄N scattering with
isospin I = 1: a10 = (0.258 ± 0.024) fm. Using the S-wave
amplitude of K−p scattering, calculated in [6], the S-wave
scattering length a00 of K̄N scattering is equal to: a00 =
(−1.221± 0.072) fm. The values

a00 = −1.221± 0.072 fm,

a10 = +0.258± 0.024 fm (3.14)

we will use for the numerical calculation of the Ericson-
Weise contribution [3] to the S-wave scattering length of
K−d scattering.
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Fig. 3. Feynman diagrams of the amplitude of the low-energy
reaction K−(pn)3S1

→ K−(pn)3S1
defining the Ericson-Weise

contribution to the S-wave scattering length ofK−d scattering.

4 Amplitude of K−(pn)3S1
scattering near

threshold

The amplitude of K−(pn)3S1
scattering, K−(pn)3S1

→
K−(pn)3S1

, can be represented in the form of two main
contributions: i) the amplitude, defining the S-wave scat-
tering length ofK−d scattering in the Ericson-Weise form,
described by the Feynman diagrams depicted in fig. 3 and
caused by one-kaon exchanges, and ii) the amplitude, de-
fined by the inelastic two-body K−(pn)3S1

→ NY and
three-body K−(pn)3S1

→ NY π channels, where Y =
Λ0, Σ0 or Σ± hyperons.

This gives the following analytical representation of
the amplitude of the reaction K−(pn)3S1

→ K−(pn)3S1
:

1

3

∑

(σp,σn;3S1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)) =
1

3

∑

(σp,σn;3S1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn))EW
+

1

3

∑

(σp,σn;3S1)

M̃(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

K−(~0)p( ~K, σp)n(− ~K, σn)), (4.1)

where M(K−pn → K−pn)EW reproduces the Ericson-
Weise formula of the S-wave scattering length of K−d
scattering, defined by the one-kaon exchanges, whereas
M̃(K−pn → K−pn) is the amplitude of the reaction
K−(pn)3S1

→ K−(pn)3S1
, saturated by the inelastic

two-body K−(pn)3S1
→ NY with NY = nΛ0, nΣ0, pΣ−

and three-body K−(pn)3S1
→ NY π with NY π =

nΛ0π0, pΛ0π−, nΣ0π0, nΣ+π−, pΣ0π−, pΣ−π0, nΣ−π+

reactions.

4.1 The Ericson-Weise formula for aK
−d
0 scattering

length

In the low-energy approximation the amplitude
M(K−pn → K−pn)EW is defined in terms of the
S-wave scattering lengths of K̄N scattering. For the
calculation of M(K−pn→ K−pn)EW with the np pair in
the 3S1 state with isospin zero, I = 0, we suggest to use
the following effective Lagrangian:

Leff(x) = p̄(x)(iγµ∂µ −mN )p(x)

+ n̄(x)(iγµ∂µ −mN )n(x)

+ ∂µK
−†(x)∂µK−(x)−m2

KK
−†(x)K−(x)

+ ∂µK̄
0†(x)∂µK̄0(x)−m2

KK̄
0†(x)K̄0(x)

+ 4π

(

1 +
mK

mN

)[

1

2

(

a00 + a10
)

K−†(x)K−(x)p̄(x)p(x)

+
1

2

(

a10 − a00
)

K̄0†(x)K−(x)n̄(x)p(x)

]

+4π

(

1 +
mK

mN

)[

a1K
−†(x)K−(x)n̄(x)n(x)

+
1

2

(

a10 − a00
)

K−†(x)K̄0(x)p̄(x)n(x)

]

, (4.2)

where a00 and a10 are the S-wave scattering lengths of K̄N
scattering with isospin I = 0 and I = 1, respectively.

The effective action for the K−pn→ K−pn transition
in the one-kaon exchange approximation, described by the
effective Lagrangian (4.2), reads

S
(K−pn)
eff = −

∫

d4xd4y4π2
(

1 +
mK

mN

)2

×
[

2a10
(

a00 + a10
)

K−†(x)p̄(x)p(x)

×〈0|T(K−(x)K−†(y))|0〉n̄(y)n(y)
+
(

a00 − a10
)2
K−†(x)p̄(x)n(x)

×〈0|T(K̄0(x)K̄0†(y))|0〉n̄(y)p(y)
]

. (4.3)

Since in the case of isospin symmetry the vacuum expec-
tation values of the K̄-meson fields are equal

〈0|T(K−(x)K−†(y))|0〉 = 〈0|T(K̄0(x)K̄0†(y))|0〉 =
−i∆(x− y) =
∫

d4k

(2π)4i

e−ik·(x−y)

m2
K − k2 − i0

, (4.4)

the r.h.s. of the effective action (4.3) can be transcribed
into the form

S
(K−pn)
eff = i

∫

d4xd4y4π2
(

1 +
mK

mN

)2

∆(x− y)

×
[

2a10
(

a00+a
1
0

)

K−†(x)K−(y)p̄(x)p(x)n̄(y)n(y)

+
(

a00 − a10
)2
K−†(x)K−(y)p̄(x)n(x)n̄(y)p(y)

]

.

(4.5)
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Now we have to take into account that the np pair couples
in the 3S1 state with isospin zero, I = 0. This can be
carried out by means of a Fierz transformation. Keeping
only the term, describing the np pair in the 3S1 state with
isospin zero, we get

p̄(x)p(x)n̄(y)n(y)→

−1

4
p̄(x)γµn

c(y)n̄c(y)γµp(x)

+
1

8
p̄(x)σµνn

c(y)n̄c(y)σµνp(x),

p̄(x)n(x)n̄(y)p(y)→

+
1

4
p̄(x)γµn

c(y)n̄c(x)γµp(y)

−1

8
p̄(x)σµνn

c(y)n̄c(x)σµνp(y). (4.6)

As has been shown in [23–26] the nucleon densities
p̄(x)γµn

c(y) and n̄c(x)γµp(y) have the quantum numbers
of the deuteron. In the non-relativistic limit there survives
only the 3S1 component of the np pair, whereas the 3D1

state is suppressed.
In order to understand the quantum numbers of the

components of the tensor nucleon densities p̄(x)σµνn
c(y)

and n̄c(x)σµνp(y) it is convenient to represent the product
of the tensor nucleon densities as follows:

p̄(x)σµνn
c(y)n̄c(y)σµνp(x) =

− 2p̄(x)γ0~γnc(y) · n̄c(y)γ0~γp(x)
− 2p̄(x)γ0~γγ5nc(y) · n̄c(y)γ0~γγ5p(x),

p̄(x)σµνn
c(y)n̄c(x)σµνp(y) =

− 2p̄(x)γ0~γnc(y) · n̄c(x)γ0~γp(y)
− 2p̄(x)γ0~γγ5nc(y) · n̄c(x)γ0~γγ5p(y). (4.7)

One can show that only nucleon densities p̄(x)γ0~γnc(y)
and n̄c(y)γ0~γp(x) have the quantum numbers of the
deuteron. However, the contribution of the 3D1 compo-
nent enters with the sign opposite to that of the nucleon
densities p̄(x)γµnc(y) and n̄c(x)γµp(y). Therefore, they
coincide in the non-relativistic limits. Since the nucleon
densities p̄(x)γ0~γγ5nc(y) and n̄c(x)γ0~γγ5p(y) have not
the quantum numbers of the deuteron, we will drop them
from further consideration.

In the low-energy limit, when the masses of nucleons
are much greater their relative 3-momenta, and using (4.7)
we reduce the four-nucleon interaction in the effective ac-
tion (4.6) to the form5

S
(K−(pn)3S1

)

eff =

−i
∫

d4xd4y2π2
(

1 +
mK

mN

)2
(

(a00)
2 − 4a00a

1
0 − (a10)

2
)

×∆(x− y)K−†(x)K−(y)[p̄(x)~γnc(x)] · [n̄c(y)~γp(y)]. (4.8)
5 For the derivation of this effective action we have taken

into account that in the non-relativistic limit [p̄(x)γ0~γnc(y)] ·
[n̄c(y)γ0~γp(x)]→ −[p̄(x)~γnc(y)] · [n̄c(y)~γp(x)].

Using the effective action (4.8), we obtain the amplitude
of the reaction K−(pn)3S1

→ K−(pn)3S1
, caused by the

one-kaon exchanges, with the np pairs coupled in the 3S1
states with isospin zero:

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→
K−(~0)p( ~K, σp)n(− ~K, σn))EW =

−2π2
(

1 +
mK

mN

)2
(

(a00)
2 − 4a00a

1
0 − (a10)

2
)

× 1

m2
K + ( ~K − ~Q)2

×
[

ū( ~K, σp)~γn
c(− ~K, σn)

]

·
[

ūc(− ~Q, σn)~γu( ~Q, σp)
]

. (4.9)

At low energies the summation over polarizations of the
np pair in the 3S1 state gives (see appendix C of [11])

1

3

∑

(σp,σn)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

π−(~0)p( ~K, σp)n(− ~K, σn))EW =

16π2m2
N

(

1 +
mK

mN

)2
(

(a10)
2 + 4a00a

1
0 − (a00)

2
)

× 1

m2
K + ( ~K − ~Q)2

. (4.10)

Substituting (4.10) into (2.19), we get

f̃K
−d

0 (0)EW =
1

4

(

1 +
mK

md

)−1(

1 +
mK

mN

)2

×
(

(a10)
2 + 4a00a

1
0 − (a00)

2
)

×
∫

d3K

(2π)3
d3Q

(2π)3
mN

EN ( ~K)
Φ∗d(

~K)

× 4π

m2
K + ( ~K − ~Q)2

mN

EN ( ~Q)
Φd( ~Q). (4.11)

The expression (4.11) can be transcribed into the form
suggested by Ericson and Weise [3]

f̃K
−d

0 (0)EW =
1

4

(

1 +
mK

md

)−1(

1 +
mK

mN

)2

×
(

(a10)
2 + 4a00a

1
0 − (a00)

2
)

〈

1

r12

〉

, (4.12)

where r12 is a distance between two scatterers n and p [3].
In our approach 〈1/r12〉 is defined by

〈

1

r12

〉

=

∫

d3xΨ∗d (~r )
e−mKr

r
Ψd(~r ) =

2γdE1

(

mN

mK + 2γd

)

= 0.29mπ, (4.13)

where E1(z) is the exponential integral [27], γd = 1/rd =
0.327mπ and Ψd(~r ) is the wave function of the deuteron
in the ground state in the coordinate representation. We
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have restricted the spatial region of the integration from
below by the Compton wavelength of the nucleon [24].

The analogous calculation of the amplitude of π−d
scattering [28] in the one-pion exchange approximation
reproduces fully the Ericson-Weise formula [3]

f̃π
−d

0 (0)EW =

2

(

1 +
mπ

md

)−1(

1 +
mπ

mN

)2
(

b20 − 2b21
)

〈

1

r12

〉

, (4.14)

where b0 = (a
1/2
0 + 2a

3/2
0 )/3 and b0 = (a

3/2
0 − a

1/2
0 )/3

are the isoscalar and isovector S-wave scattering lengths

of πN scattering, a
1/2
0 and a

3/2
0 are the S-wave scattering

lengths of πN scattering with isospin I = 1/2 and I = 3/2
and

〈

1

r12

〉

=

∫

d3xΨ∗d (~r )
e−mπr

r
Ψd(~r ) =

2γdE1

(

mN

mπ + 2γd

)

= 0.69mπ. (4.15)

The numerical value (4.15) agrees well with the Ericson-
Weise estimate 〈1/r12〉 = 0.64mπ [3].

Since the S-wave scattering lengths a00 and a10 of K̄N
scattering are equal to a00 = (−1.221±0.072) fm and a10 =

(0.258 ± 0.024) fm (see (3.14)), the value of f̃K
−d

0 (0)EW
amounts to

f̃K
−d

0 (0)EW = (−0.254± 0.021) fm. (4.16)

Thus, the S-wave scattering length of K−d scattering, de-
fined by the Ericson-Weise formula, is equal to

(

aK
−d

0

)

EW
=

1 +mK/mN

1 +mK/md

(

aK
−p

0 + aK
−n

0

)

+ f̃K
−d

0 (0)EW = (−0.525± 0.094) fm. (4.17)

The total S-wave scattering length aK
−d

0 of K−d scatter-
ing is defined by

aK
−d

0 =
(

aK
−d

0

)

EW
+Ref̃K−d0 (0). (4.18)

The S-wave amplitude f̃K
−d

0 (0) of the reaction
K−(pn)3S1

→ K−(pn)3S1
is saturated by the in-

elastic two-body K−(pn)3S1
→ NY and three-body

K−(pn)3S1
→ NY π channels

f̃K
−d

0 (0) = f̃K
−d

0 (0)(two-body) + f̃K
−d

0 (0)(three-body), (4.19)

where we have denoted

f̃K
−d

0 (0)(two-body) =
∑

NY

f̃K
−d

0 (0)NY ,

f̃K
−d

0 (0)(three-body) =
∑

NY π

f̃K
−d

0 (0)NY π. (4.20)

The contribution of the reactions K−(pn)3S1
→ NΛ0ππ

can be neglected due to a smallness of the phase volume.

5 Inelastic two-body channels

K−(pn)3S1
→ NY. General formulas

The part of the width Γ1s of the ground state of kaonic
deuterium AKd is defined by the decays AKd → NY ,
where NY = nΛ0, nΣ0 and pΣ−. The other possible two-
body decays as AKd → nΛ(1405) and AKd → NΣ(1385)
are suppressed by the phase volume relative to the decays
AKd → nΛ0, nΣ0 and pΣ− [29–31].

The contribution of the decays AKd → nΛ0, nΣ0 and
pΣ− to the energy level displacement of the ground state
of kaonic deuterium we take into account by computing
the amplitude of the reaction K−(pn)3S1

→ K−(pn)3S1
,

defined by the inelastic channels K−(pn)3S1
→ NY →

K−(pn)3S1
, where NY = nΛ0, nΣ0 and pΣ−. At thresh-

old in the reaction K−(pn)3S1
→ NY the NY pair can be

produced in the 3P1 and 1P1 state.

The amplitude of low-energyK−(pn)3S1
→ K−(pn)3S1

scattering, caused by the contribution of two-body inelas-
tic channels K−(pn)3S1

→ NY → K−(pn)3S1
with the

NY pair coupled in the 3P1 and
1P1 state, we define as [4]

M̃(K−(~0)p( ~Q, σp)n(− ~Q, σn)→
K−(~0)p( ~K, σp)n(− ~K, σn)) =
∫

d3k1

(2π)32En(~k1)

d3k2

(2π)32EΛ0(~k2)

× (2π)3δ(3)(~k1 + ~k2)

En(~k1) + EΛ0(~k2)− 2mN −mK − i0
×

∑

(α2,α1;3P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

n(~k1, α1)Λ
0(~k2, α2);

3P1)

×M(n(~k1, α1)Λ
0(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1)

+

∫

d3k1

(2π)32En(~k1)

d3k2

(2π)32EΣ0(~k2)

× (2π)3δ(3)(~k1 + ~k2)

En(~k1) + EΣ0(~k2)− 2mN −mK − i0
×

∑

(α2,α1;3P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

n(~k1, α1)Σ
0(~k2, α2);

3P1)

×M(n(~k1, α1)Σ
0(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1)

+

∫

d3k1

(2π)32Ep(~k1)

d3k2

(2π)32EΣ−(~k2)

× (2π)3δ(3)(~k1 + ~k2)

Ep(~k1) + EΣ−(~k2)− 2mN −mK − i0
×

∑

(α2,α1;3P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→
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p(~k1, α1)Σ
−(~k2, α2);

3P1)

×M(p(~k1, α1)Σ
−(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1)

+

∫

d3k1

(2π)32En(~k1)

d3k2

(2π)32EΛ0(~k2)

× (2π)3δ(3)(~k1 + ~k2)

En(~k1) + EΛ0(~k2)− 2mN −mK − i0
×

∑

(α2,α1;1P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

n(~k1, α1)Λ
0(~k2, α2);

1P1)

×M(n(~k1, α1)Λ
0(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1)

+

∫

d3k1

(2π)32En(~k1)

d3k2

(2π)32EΣ0(~k2)

× (2π)3δ(3)(~k1 + ~k2)

En(~k1) + EΣ0(~k2)− 2mN −mK − i0
×

∑

(α2,α1;1P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

n(~k1, α1)Σ
0(~k2, α2);

1P1)

×M(n(~k1, α1)Σ
0(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1)

+

∫

d3k1

(2π)32Ep(~k1)

d3k2

(2π)32EΣ−(~k2)

× (2π)3δ(3)(~k1 + ~k2)

Ep(~k1) + EΣ−(~k2)− 2mN −mK − i0
×

∑

(α2,α1;1P1)

M(K−(~0)p( ~Q, σp)n(− ~Q, σn)→

p(~k1, α1)Σ
−(~k2, α2);

1P1)

×M(p(~k1, α1)Σ
−(~k2, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1), (5.1)

where we have neglected the contribution of a kinetic en-
ergy of a relative motion of the np pair.

The real and imaginary parts of the S-wave amplitude

f̃K
−d

0 (0), caused by the intermediate states (NY )3P1
and

(NY )1P1
, we determine as

Ref̃K−d0 (0)(NY ;3P1) =

1

512π4
1

1 +mK/md

1

3

∑

(σp,σn;3S1)

∑

(α2,α1;3P1)

×P
∫

d3k

EN (k)EY (k)

1

EN (~k) + EY (~k)− 2mN −mK

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

EN ( ~K)
M(K−(~0)p( ~K, σp)n(− ~K, σn)→

N(~k, α1)Y (−~k, α2); 3P1)

∣

∣

∣

∣

2

,

Ref̃K−d0 (0)(NY ;1P1) =

1

512π4
1

1 +mK/md

1

3

∑

(σp,σn;3S1)

∑

(α2,α1;1P1)

×P
∫

d3k

EN (k)EY (k)

1

EN (~k) + EY (~k)− 2mN −mK

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

EN ( ~K)
M(K−(~0)p( ~K, σp)n(− ~K, σn)→

N(~k, α1)Y (−~k, α2); 1P1)

∣

∣

∣

∣

2

, (5.2)

where P means the principle value of the integral, and

Imf̃K−d0 (0)(NY ;3P1) =

1

512π3
1

1 +mK/md

1

3

∑

(σp,σn;3S1)

∑

(α2,α1;3P1)

×
∫

d3k

EN (k)EY (k)
δ(EN (~k) + EY (~k)− 2mN −mK)

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

EN ( ~K)
M(K−(~0)p( ~K, σp)n(− ~K, σn)→

N(~k, α1)Y (−~k, α2); 3P1)

∣

∣

∣

∣

2

,

Imf̃K−d0 (0)(NY ;1P1) =

1

512π3
1

1 +mK/md

1

3

∑

(σp,σn;3S1)

∑

(α2,α1;1P1)

×
∫

d3k

EN (k)EY (k)
δ(EN (~k) + EY (~k)− 2mN −mK)

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

EN ( ~K)
M(K−(~0)p( ~K, σp)n(− ~K, σn)→

N(~k, α1)Y (−~k, α2); 1P1)

∣

∣

∣

∣

2

. (5.3)

The amplitudes M(K−(~0)p( ~K, σp)n(− ~K, σn) →
N(~k, α1)Y (−~k, α2)) we suggest to compute within
the approach developed in [19].

6 Amplitude of reaction

K−(pn)3S1
→ nΛ0

→ K−(pn)3S1
and the

energy level displacement

The amplitudes of the reactions K−(pn)3S1
→ nΛ0, where

nΛ0 pair is coupled in the 3P1 and 1P1 states, we define
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Fig. 4. Feynman diagrams describing the effective coupling constant of the transition nΛ0 → K−pn in the one-pseudoscalar-
meson exchange approximation.
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as

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
n(~k, α1)Λ

0(−~k, α2); 3P1) = −iC(nΛ0;3P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΛ
0;3P1)

K−(pn;3S1)
(k0),

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
n(~k, α1)Λ

0(−~k, α2); 1P1) = −iC(nΛ0;1P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)γ0~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΛ
0;1P1)

K−(pn;3S1)
(k0), (6.1)

where atnp = (5.424 ± 0.004) fm = (3.837 ± 0.003)m−1π
and rtnp = (1.759 ± 0.005) fm = (1.244 ± 0.004)m−1π
are the spin-triplet S-wave scattering length and effective

range of np scattering in the 3S1 state [9]; f
(nΛ0;X)
K−(pn;3S1)

(k0)

is the amplitude of the final-state nΛ0 interaction near
threshold of the reaction K−(pn)3S1

→ (nΛ0)X and

C
(nΛ0;X)
K−(pn;3S1)

is the effective coupling constant of the tran-

sition K−(pn)3S1
→ (nΛ0)X , where X = 3P1 or 1P1.

The spinorial wave functions of the (np)3S1
, (NY )3P1

and (NY )1P1
states are analysed in appendix C of [11].

6.1 Effective coupling constant CnΛ
0

K−pn

In the one-meson exchange approximation [19] the effec-
tive coupling constant of the transition nΛ0 → K−pn is
defined by the Feynman diagrams are depicted in fig. 4.
Following [19], the amplitude of the transition nΛ0 →
K−pn [11], computed near threshold, we define by the
local effective Lagrangian6

LnΛ
0→K−pn

eff (x)P =

− 2√
3

(3− 2α)(2α− 1)2g3πNN

m2
K − (EΛ0 −mN )2 + k20

× 1

mΣ +mN +mK
[p̄(x)iγ5Λ0(x)][n̄(x)n(x)]

− 1√
3

(3− 2α)(2α− 1)2g3πNN

m2
K − (EΛ0 −mN )2 + k20

× 1

mΣ +mN +mK
[n̄(x)iγ5Λ0(x)][p̄(x)n(x)]

+
1

3
√
3

(3− 2α)3g3πNN

m2
K − (EΛ0 −mN )2 + k20

× 1

mΛ0 +mN +mK
[n̄(x)iγ5Λ0(x)][p̄(x)n(x)]

6 The analytical expression of the Feynman diagrams in fig. 4
can be found in [11].

− 4√
3

α(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× 1

mΣ +mN +mK
[n̄(x)Λ0(x)][p̄(x)iγ5n(x)]

+
2√
3

(3− 2α)g3πNN

m2
π − (EN −mN )2 + k20

× mN +mK −mΛ0

m2
N − (EΛ0 −mK)2 + k20

×[n̄(x)Λ0(x)][p̄(x)iγ5n(x)]

− 1√
3

(3− 2α)g3πNN

m2
π − (EN −mN )2 + k20

× mN +mK −mΛ0

m2
N − (EΛ0 −mK)2 + k20

×[p̄(x)Λ0(x)][n̄(x)iγ5n(x)]

+
2√
3

α(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× 1

mΣ +mN +mK
[p̄(x)Λ0(x)][n̄(x)iγ5n(x)]

− 2

3
√
3

α(3− 4α)(3− 2α)g3πNN

m2
η − (EN −mN )2 + k20

× 1

mΛ0 +mN +mK
[p̄(x)Λ0(x)][n̄(x)iγ5n(x)]

+
1

3
√
3

(3− 2α)(3− 4α)2g3πNN

m2
η − (EN −mN )2 + k20

× mN +mK −mΛ0

m2
N − (EΛ0 −mK)2 + k20

×[p̄(x)Λ0(x)][n̄(x)iγ5n(x)], (6.2)

where7 EΛ0 = ((mK + 2mN )2 + m2
Λ0 − m2

N )/2(mK +
2mN ) = 1262MeV, EN = ((mK + 2mN )2 + m2

N −
m2
Λ0)/2(mK + 2mN ) = 1108MeV and k0 = ((2mN +

mK)2 − (mΛ0 + mN )2)1/2((2mN + mK)2 − (mΛ0 −
mN )2)1/2/2(2mN +mK) = 592MeV are the energies and
the relative momentum of the Λ0-hyperon and the neu-
tron at threshold. Then, for numerical calculations we set
gπNN = 13.21 [32] and α = 0.635 [33] (see also [19]).

Now we have to take into account that the np pair
couples in the 3S1 state with isospin zero. This can be
carried out by means of Fierz transformation:

[p̄(x)γ5Λ0(x)][n̄(x)n(x)]→

− 1

4
[p̄(x)γµn

c(x)][n̄c(x)γµγ5Λ0(x)]

+
1

8
[p̄(x)σµνn

c(x)][n̄c(x)σµνγ5Λ0(x)],

[n̄(x)γ5Λ0(x)][p̄(x)n(x)]→

+
1

4
[p̄(x)γµn

c(x)][n̄c(x)γµγ5Λ0(x)]

− 1

8
[p̄(x)σµνn

c(x)][n̄c(x)σµνγ5Λ0(x)],

7 The index P means that there are no scalar-meson ex-
change contributions.
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[p̄(x)Λ0(x)][n̄(x)γ5n(x)]→

+
1

4
[p̄(x)γµn

c(x)][n̄c(x)γµγ5Λ0(x)]

+
1

8
[p̄(x)σµνn

c(x)][n̄c(x)σµνγ5Λ0(x)],

[n̄(x)Λ0(x)][p̄(x)γ5n(x)]→

− 1

4
[p̄(x)γµn

c(x)][n̄c(x)γµγ5Λ0(x)]

− 1

8
[p̄(x)σµνn

c(x)][n̄c(x)σµνγ5Λ0(x)]. (6.3)

In the non-relativistic limit the r.h.s. of these products can
be reduced to the form

[p̄(x)γ5Λ0(x)][n̄(x)n(x)]→

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)]

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)],

[n̄(x)γ5Λ0(x)][p̄(x)n(x)]→

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)]

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)],

[p̄(x)Λ0(x)][n̄(x)γ5n(x)]→

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)]

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)],

[n̄(x)Λ0(x)][p̄(x)γ5n(x)]→

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)]

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)]. (6.4)

For the derivation of this Lagrangian we have taken into
account that in the non-relativistic limit the four-baryon
product reduces as follows:

[p̄(x)γ0~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)]→
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)].

The effective low-energy four-baryon interactions
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)] and [p̄(x)~γnc(x)] ·
[n̄c(x)γ0~γγ5Λ0(x)] describe the transitions (nΛ0)3P1

→
K−(pn)3S1

and (nΛ0)1P1
→ K−(pn)3S1

, where the nΛ0

pair couples in the 3P1 and 1P1 state, respectively.

6.2 Reaction (nΛ0)3P1
→ K−(pn)3S1

The amplitude of the reaction (nΛ0)3P1
→ K−(pn)3S1

,
where nΛ0 pair couples to the np pair, which is in the 3S1

state, is defined by

M(n(~k, α1)Λ
0(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1) = iC
(nΛ0;3P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 − iatnpK

×f (nΛ
0;3P1)

K−(pn;3S1)
(k0), (6.5)

where f
(nΛ0;3P1)
K−(pn;3S1)

(k0) is the amplitude, describing the

nΛ0 rescattering in the 3P1 state near threshold of the

K−(pn)3S1
system production and C

(nΛ0;3P1)
K−(pn;3S1)

is the ef-

fective coupling constant of the transition (nΛ0)3P1
→

K−(pn)3S1
.

Using (6.4) and (6.2) we obtain the effective La-
grangian of the transition (nΛ0)3P1

→ K−(pn)3S1
near

threshold:

L(nΛ
0)3P1

→K−(pn;
3S1)

eff (x)P =

iC
(nΛ0;3P1)
K−(pn;3S1)

K−†(x)[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Λ0(x)],

(6.6)

where we have denoted8

C
(nΛ0;3P1)
K−(pn;3S1)

= 1.7× 10−6MeV−3. (6.7)

The Lagrangian (6.6) describes the interaction of the nΛ0

pair in the 3P1 state with the np pair in the 3S1 state
through the emission of the K−-meson.

Using the results obtained in [6] one can show that the
contribution of the resonances Λ(1405) and Σ(1750) to the
effective coupling constant of the transition nΛ0 → K−pn
is negligible small.

In fig. 5 we have depicted Feynman diagrams describ-
ing the contributions of the scalar mesons. The effective
Lagrangian of the transition nΛ0 → K−pn, caused by the
scalar-meson exchange, is equal to

LnΛ0

K−pn(x)S =
1

2
√
3

1

gAFπ

(3− 2α)g2πNN

m2
K − (EΛ0 −mN )2 + k20

×[p̄(x)iγ5Λ0(x)][n̄(x)n(x)]

+
1

2
√
3

1

gAFπ

(3− 2α)g2πNN

m2
π − (EN −mN )2 + k20

×[p̄(x)Λ0(x)][n̄(x)iγ5n(x)]

+
1

6
√
3

1

gAFπ

(3− 2α)(3− 4α)g2πNN

m2
η − (EN −mN )2 + k20

×[p̄(x)Λ0(x)][n̄(x)iγ5n(x)]

− 1√
3

1

gAFπ

(3− 2α)g2πNN

m2
π − (EN −mN )2 + k20

×[n̄(x)Λ0(x)][p̄(x)iγ5n(x)]. (6.8)

8 The analytical expression of C
(nΛ0;3P1)

K−(pn;3S1)
can be found

in [11].
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Fig. 5. Feynman diagrams describing the contribution of scalar mesons to the effective coupling constant of the transition
nΛ0 → K−pn in the one-pseudoscalar-meson exchange approximation.
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Fig. 6. Feynman diagrams describing the (nΛ0)3P1
rescattering in the initial state of the reaction (nΛ0)3P1

→ K−(np)3S1
.

The effective coupling constant of the (nΛ0)3P1
→

K−(pn)3S1
transition, induced by the scalar-meson ex-

changes, reads9

δC
(nΛ0;3P1)
K−(pn;3S1)

= −1.3× 10−6MeV−3. (6.9)

Thus, the total effective coupling constant C
(nΛ0;3P1)
K−(pn;3S1)

of

the (nΛ0)3P1
→ K−(pn)3S1

transition, is equal to

C
(nΛ0;3P1)
K−(pn;3S1)

= 4× 10−7MeV−3. (6.10)

The contribution of the scalar mesons we have computed
in the infinite mass limit. This corresponds to the non-
linear realization of chiral symmetry [34] used within
ChPT by Gasser and Leutwyler [35].

Now we proceed to computing the amplitude of the
nΛ0 rescattering in the 3P1 state.

9 The analytical expression of δC
(nΛ0;3P1)

K−(pn;3S1)
is given in [11].

6.3 Amplitude of nΛ0 rescattering in the 3P1 state

The amplitude f
(nΛ0;3P1)
K−(pn)3S1

(k0), describing the rescattering

of the nΛ0 pair in the 3P1 state near threshold of the
K−(pn)3S1

system production, is defined by the Feynman
diagrams depicted in fig. 610. The result of the calculation
of these diagrams reads (see appendix E in [11] and [19])

∣

∣

∣
f
(nΛ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CnΛ0(3P1)

12π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 1, (6.11)

10 Within the dispersion relation approach the final-state in-
teraction of the baryon-baryon pairs (or baryon-baryon rescat-
tering in the initial state) has been elaborated by Anisovich et

al. [36].
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where E(k0) =
√

k20 +m2
B
11 and the effective coupling

constant CnΛ0(3P1) is equal to [19]

CnΛ0(3P1) = (3− 2α)2
g2πNN

12k20
ln

(

1 +
4k20
m2
K

)

−α(3− 4α)
g2πNN

6k20
ln

(

1 +
4k20
m2
η

)

=

2.0× 10−4MeV−2. (6.12)

The rescattering of the nΛ0 pair in the 3P1 state is defined
by the interaction, computed in the one-meson exchange
approximation (see [19]):

L(nΛ
0)3P1

→(nΛ0)3P1

eff (x) =

−1

4
CnΛ0(3P1)[Λ̄

0(x)~γγ5nc(x)] · [n̄c(x)~γγ5Λ0(x)]. (6.13)

For the derivation of the effective Lagrangian (6.13) we
have used the relations

[Λ̄0(x)γ5Λ0(x)][n̄(x)γ5n(x)] =

+
1

4
[Λ̄0(x)~γγ5nc(x)] · [n̄c(x)~γγ5Λ0(x)]

+
1

4
[Λ̄0(x)γ0~γγ5nc(x)] · [n̄c(x)γ0~γγ5Λ0(x)] + · · · ,

[Λ̄0(x)γ5n(x)][n̄(x)γ5Λ0(x)] =

+
1

4
[Λ̄0(x)~γγ5nc(x)] · [n̄c(x)~γγ5Λ0(x)]

+
1

4
[Λ̄0(x)γ0~γγ5nc(x)] · [n̄c(x)γ0~γγ5Λ0(x)] + · · · (6.14)

caused by Fierz transformation.

6.4 S-wave amplitude f̃K
−d

0 (0)(nΛ0;3P1) of K
−d

scattering

For the calculation of the S-wave amplitude

f̃K
−d

0 (0)(nΛ0;3P1) of K−d scattering near threshold,

caused by the exchange of the nΛ0 pair in the 3P1 state,
we have to square the spinorial wave functions of the
coupled baryons and to sum over polarizations, taking
into account that np and nΛ0 pairs are in the 3S1 and 3P1

state, respectively. This yields (see appendix C of [11])

1

3

∑

(σp,σn;3S1)

∑

(α2,α1;3P1)

∣

∣

[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]∣

∣

2
=

128

3
m2
N
~k2. (6.15)

First, let us compute the imaginary part of the ampli-

tude f̃K
−d

0 (0)(nΛ0;3P1). From (5.3) and taking into ac-
count the result of the summation over polarizations of

11 For simplicity we use the equal masses of baryons for the
calculation of the rescattering of the nΛ0 pair, where mB =
√

(2mN +mK)2 − 4k2
0/2 = 1030MeV.

baryons (6.15) we get

Imf̃K−d0 (0)(nΛ0;3P1) =
1

3π2
1

1 +mK/md

× k30
2mN +mK

[

C
(nΛ0;3P1)
K−(pn;3S1)

]2∣
∣

∣
f
(nΛ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

1− 1
2r

t
npa

t
npK

2 − iatnpK

∣

∣

∣

∣

2

, (6.16)

where we have integrated over ~k. The integral over ~K can
be calculated analytically and result reads

∫

d3K

(2π)3
Φd( ~K)

1− 1
2r

t
npa

t
npK

2 − iatnpK
=

=

√

2γd
π3

[

π

2

abγd
(a+ γd)(b+ γd)

+ i
ab

b− a

(

b2

b2 − γ2d
ln
b

γd
− a2

a2 − γ2d
ln
a

γd

)]

=

(0.030 + i0.061)m3/2
π , (6.17)

where we have denoted

a =
1

rtnp

(

1−
√

1−
2rtnp
atnp

)

= 0.327mπ,

b =
1

rtnp

(

1 +

√

1−
2rtnp
atnp

)

= 1.280mπ. (6.18)

Thus, at threshold the imaginary part of the S-wave am-
plitude of K−d scattering, caused by the two-body in-
elastic channel K−(pn)3S1

→ (nΛ0)3P1
→ K−(pn)3S1

, is
equal to

Imf̃K−d0 (0)(nΛ0;3P1) =

4.6× 10−3
1

3π2
m3
π

1 +mK/md

k30
2mN +mK

×
[

C
(nΛ0;3P1)
K−(pn;3S1)

]2∣
∣

∣
f
(nΛ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

=

0.9× 10−3 fm. (6.19)

The real part of f̃K
−d

0 (0)(nΛ0;3P1) is defined by

Ref̃K−d0 (0)(nΛ0;3P1) =
1

256π3
1

1 +mK/md

×1

3

∑

(σp,σn;3S1)

∑

(α1,α2;3P1)

1

2π
P
∫

d3k

EN (k)EΛ0(k)

× 1

EN (~k) + EΛ0(~k)− 2mN −mK

×
∣

∣

∣

∣

∫

d3K

(2π)3
Φd( ~K)

EN ( ~K)
M(n(~k, α1)Λ

0(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1)

∣

∣

∣

∣

2

. (6.20)
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The real part of the integral over ~k is divergent. For the
regularization of the divergent integral we introduce the
cut-off Λ. Subtracting the divergent part and keeping the
finite part dependent on the cut-off Λ the result of the

integration over ~k reads12

1

2π
P
∫

d3k

E2
N (~k)

1

EN (~k) + EΛ0(~k)− 2mN −mK − i0
=

πmB

2mB +mK

{

2

π
arctan

(

Λ

mB

)

− 2

π

k0
mB

×ln
[ Λ

mB+
√
Λ2+m2

N

+ k0

mB+
√
k2
0+m

2
B

Λ

mB+
√
Λ2+m2

B

− k0

mB+
√
k2
0+m

2
B

]}

=

π

2

1

1 +mK/2mB
F

(

Λ

mB
,
k0
mB

)

, (6.21)

where mB =
√

(2mN +mK)2 − 4k20/2 = 1030MeV. For
numerical analysis we set Λ = mN

13.

Hence, at threshold the part of the S-wave amplitude
of K−d scattering, caused by the two-body inelastic chan-
nel K−(pn)3S1

→ (nΛ0)3P1
→ K−(pn)3S1

, reads

Ref̃K−d0 (0)(nΛ0;3P1) = 4.6× 10−3
1

12π2

× m3
π

1 +mK/md

k20
1 +mK/2mB

[

C
(nΛ0)3P1

K−(pn;3S1)

]2

×
∣

∣

∣
f
(nΛ0)3P1

K−(pn;3S1)
(k0)

∣

∣

∣

2

F

(

Λ

mB
,
k0
mB

)

=

−0.1× 10−3 fm. (6.22)

The S-wave amplitude f̃K
−d

0 (0)(nΛ0;3P1) of K−d scat-
tering, caused by the two-body inelastic channel
K−(pn)3S1

→ (nΛ0)3P1
→ K−(pn)3S1

, results in

f̃K
−d

0 (0)(nΛ0;3P1) = (−0.1 + i0.9)× 10−3 fm. (6.23)

Now we proceed to computing the S-wave amplitude

f̃K
−d

0 (0)(nΛ0;1P1) of K−d scattering near threshold, sat-

urated by the intermediate (nΛ0)1P1
state.

12 We assume also that after the subtraction of the diver-
gent part the integrand is a peaked function around the point
EN (~k) + EΛ0(~k) − 2mN − mK = 0, i.e. around |~k| = k0.
That is valid for the imaginary part of the S-wave amplitude

f̃K
−d

0 (0)(nΛ0;3P1). Due to this assumption we can take away

the squared amplitude of the reaction K−(pn)3S1
→ (nΛ0)3P1

at |~k| = k0.
13 We assume that the cut-off Λ = mN is an universal cut-off
for the analysis of low-energy interactions of the deuteron near
threshold. We relegate the readers to sect. 4, the analysis of
the Ericson-Weise formula for the S-wave scattering length of
K−d scattering, and [24,28].

6.5 Reaction (nΛ0)1P1
→ K−(pn)3S1

The amplitude of the reaction (nΛ0)1P1
→ K−(pn)3S1

is
defined by

M(n(~k, α1)Λ
0(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1) =

iC
(nΛ0;1P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΛ
0;1P1)

K−(pn;3S1)
(k0), (6.24)

where f
(nΛ0;1P1)
K−(pn;3S1)

(k0) is the amplitude, describing the nΛ0

rescattering near threshold of the K−(pn)3S1
system pro-

duction, and C
(nΛ0;1P1)
K−(pn;3S1)

is the effective coupling constant

of the transition (nΛ0)1P1
→ K−(pn)3S1

.
The effective Lagrangian of the transition (nΛ0)1P1

→
K−(pn)3S1

at threshold can be defined by

L(nΛ
0;1P1)→K−(pn;3S1)

eff (x) = iC
(nΛ0;1P1)
K−(pn;3S1)

×K−†(x)[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Λ0(x)]. (6.25)

The effective coupling constant C
(nΛ0;1P1)
K−(pn;3S1)

is equal to14

C
(nΛ0;1P1)
K−(pn;3S1)

= 6× 10−7MeV−3. (6.26)

The effective coupling constant (6.26) contains the con-
tribution of the scalar-meson exchanges computed in the
infinite mass limit.

The Lagrangian (6.25) describes the interaction of the
nΛ0 pair in the 1P1 state with the np pair in the 3S1
through the emission of the K−-meson.

6.6 Amplitude of (nΛ0)1P1
rescattering

The amplitude f
(nΛ0;1P1)
K−pn (k0), describing the rescattering

of the nΛ0 pair in the 1P1 state near threshold of the
K−(pn)3S1

system production, is defined by the Feynman
diagrams analogous to those depicted in fig. 6. The result
of the calculation of these diagrams reads (see appendix E
in [11] and [19])

∣

∣

∣
f
(nΛ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CnΛ0(1P1)

24π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 1, (6.27)

14 The analytical expression of C
(nΛ0;1P1)

K−(pn;3S1)
is given in [11].
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where E(k0) =
√

k20 +m2
B
15 and the effective coupling

constant C(nΛ0)(
1P1) is equal to [19]

CnΛ0(1P1) = (3− 2α)2
g2πNN

12k20
ln

(

1 +
4k20
m2
K

)

−α(3− 4α)
g2πNN

6k20
ln

(

1 +
4k20
m2
η

)

=

2.0× 10−4MeV−2. (6.28)

The rescattering of the nΛ0 pair in the 1P1 state is defined
by the interaction, computed in the one-meson exchange
approximation (see [19]):

L(nΛ
0;1P1)→(nΛ0;1P1)

eff (x) =

− 1

4
CnΛ0(1P1)[Λ̄

0(x)γ0~γγ5nc(x)]

·[n̄c(x)γ0~γγ5Λ0(x)]. (6.29)

Now we can proceed to computing the S-wave amplitude

f̃K
−d

0 (0)(nΛ0;1P1) of K
−d scattering near threshold, satu-

rated by the intermediate (nΛ0)1P1
state.

6.7 S-wave amplitude f̃K
−d

0 (0)(nΛ0;1P1) of K
−d

scattering

For the calculation of the S-wave amplitude

f̃K
−d

0 (0)(nΛ0;1P1) of K−d scattering near threshold,

caused by the inelastic channel K−(pn)3S1
→ (nΛ0)1P1

→
K−(pn)3S1

, we have to square the amplitude (6.24) and
to sum over polarizations of baryons, taking into account
that np and nΛ0 pairs are in the 3S1 and 1P1 state,
respectively. This yields (see appendix C of [11])

1

3

∑

(σp,σn)

∑

(α2,α1;1P1)

∣

∣

∣

[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)γ
0~γγ5u(−~k, α2)

]

∣

∣

∣

2

=
64

3
m2
N
~k2. (6.30)

At threshold the imaginary part of the S-wave amplitude
of K−d scattering, caused by the two-body inelastic chan-
nel K−(pn)3S1

→ (nΛ0)1P1
→ K−(pn)3S1

, is equal to

Imf̃K−d0 (0)(nΛ0;1P1) =

4.6× 10−3
1

6π2
m3
π

1 +mK/md

k30
2mN +mK

×
[

C
(nΛ0;1P1)
K−(pn;3S1)

]2∣
∣

∣
f
(nΛ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

=

1.0× 10−3 fm. (6.31)

15 For simplicity we use the equal masses of baryons for the
calculation of the rescattering of the nΛ0 pair, where mB =
√

(2mN +mK)2 − 4k2
0/2 = 1030MeV.

The real part of f̃K
−d

0 (0)(nΛ0;1P1) reads

Ref̃K−d0 (0)(nΛ0;1P1) = 4.6× 10−3
1

24π2
m3
π

1 +mK/md

× k20
1 +mK/2mB

[

C
(nΛ0;1P1)
K−(pn;3S1)

]2

×
∣

∣

∣
f
(nΛ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

F

(

Λ

mB
,
k0
mB

)

=

−0.1× 10−3 fm. (6.32)

Thus, for the S-wave amplitude f̃K
−d

0 (0)(nΛ0)1P1
we get

f̃K
−d

0 (0)(nΛ0;1P1) = (−0.1 + i1.0)× 10−3 fm. (6.33)

Now we can estimate the contribution of the two-body
inelastic channel K−(pn)3S1

→ nΛ0 → K−(pn)3S1
to

the S-wave amplitude fK
−d

0 (0)nΛ0 of K−d scattering near
threshold and the energy level displacement of the ground
state of kaonic deuterium.

6.8 S-wave amplitude fK
−d

0 (0)nΛ0 and the energy level
displacement

The S-wave amplitude of K−d scattering saturated at
threshold by the intermediate nΛ0 state in the 3P1 and
1P1 is equal to the sum of the contributions (6.23)
and (6.33)

f̃K
−d

0 (0)nΛ0 = (−0.2 + i1.9)× 10−3 fm. (6.34)

The contribution of the decay AKd → nΛ0 to the energy
level displacement of the ground state of kaonic deuterium
amounts to

−ε(nΛ
0)

1s + i
Γ
(nΛ0)
1s

2
= 602f̃K

−d
0 (0)nΛ0

= (−0.1 + i1.1) eV. (6.35)

Hence, the partial width of the decay AKd → nΛ0 is equal

to Γ
(nΛ0)
1s = 2.2 eV.
According to [31], the experimental rate of the produc-

tion of the nΛ0 pair at threshold of the reaction K−d →
nΛ0 is equal to R(K−d→ nΛ0) = (0.387± 0.041)%.

Using our estimate of the partial width, Γ
(nΛ0)
1s =

2.2 eV, and the experimental rate, R(K−d → nΛ0) =
(0.387 ± 0.041)%, we can estimate the expected value of
the total width of the energy level of the ground state of
kaonic deuterium

Γ1s =
Γ
(nΛ0)
1s

(0.387± 0.041)× 10−2
= (570± 130) eV. (6.36)

We have taken into account the theoretical accuracy of the

energy level displacement, which is about 20%: −ε(nΛ
0)

1s +

iΓ
(nΛ0)
1s /2 = (−0.10± 0.02) + i(1.10± 0.22) eV.
Our expected value of the total width of the ground

state of kaonic deuterium is by a factor of 2 smaller com-
pared with the value of the total width predicted by Bar-
rett and Deloff [13].
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Fig. 7. Feynman diagrams describing the effective coupling constant of the transition nΣ0 → K−pn in the one-pseudoscalar-
meson exchange approximation.
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Fig. 8. Feynman diagrams describing the contribution of scalar mesons to the effective coupling constant of the transition
nΣ0 → K−pn in the one-pseudoscalar-meson exchange approximation.

7 Amplitude of reaction

K−(pn)3S1
→ nΣ0

→ K−(pn)3S1
and the

energy level displacement

The amplitudes of the reactions K−(pn)3S1
→ (nΣ0)X ,

where nΣ0 pair couples in the X = 3P1 and 1P1 state, we
define as

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
n(~k, α1)Σ

0(−~k, α2); 3P1) = −iC(nΣ0;3P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΣ
0;3P1)

K−(pn;3S1)
(k0),

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
n(~k, α1)Σ

0(−~k, α2); 1P1) = −iC(nΣ0;1P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)γ0~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΣ
0;1P1)

K−(pn;3S1)
(k0), (7.1)

where f
(nΣ0;X)
K−(pn;3S1)

(k0) is the amplitude of the final-

state nΣ0 interaction near threshold of the reaction
K−(pn)3S1

→ (nΣ0)X and C
(nΣ0;X)
K−(pn;3S1)

is the effective

coupling constant of the transitionK−(pn)3S1
→ (nΣ0)X ,

where X = 3P1 or 1P1.

7.1 Effective coupling constant CnΣ
0

K−pn

In the one-meson exchange approximation [19] the effec-

tive coupling constant CnΣ0

K−pn of the transition nΣ0 →

K−pn is defined by the Feynman diagrams depicted in
fig. 7. The analytical expression of the amplitude of the
transition nΣ0 → K−pn, determined by the Feynman di-
agrams in fig. 7 is given in [11].

The Feynman diagrams, describing the transition
nΣ0 → K−pn through the scalar-meson exchanges, are
depicted in fig. 8.

Taking the amplitude of the transition nΣ0 → K−pn
at threshold, we can represent it in the form of the effective
local Lagrangian

LnΣ
0→K−pn

eff (x)P =
2(2α− 1)3g3πNN

m2
K − (EΣ0 −mN )2 + k20

× 1

mΣ +mN +mK
[p̄(x)iγ5Σ0(x)][n̄(x)n(x)]

− (2α− 1)3g3πNN

m2
K − (EΣ0 −mN )2 + k20

1

mΣ +mN +mK

×[n̄(x)iγ5Σ0(x)][p̄(x)n(x)]

+
1

3

(2α− 1)(3− 2α)2g3πNN

m2
K − (EΣ0 −mN )2 + k20

1

mΛ0 +mN +mK

×[n̄(x)iγ5Σ0(x)][p̄(x)n(x)]

− 4(1− α)(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

1

mΣ +mN +mK

×[n̄(x)Σ0(x)][p̄(x)iγ5n(x)]

− 2(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

mN +mK −mΣ

m2
N − (EΣ0 −mK)2 + k20

×[n̄(x)Σ0(x)][p̄(x)iγ5n(x)]

+
(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

mN +mK −mΣ

m2
N − (EΣ0 −mK)2 + k20

×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]

− 2

3

α(3− 2α)g3πNN

m2
π − (EN −mN )2 + k20

mN +mK −mΣ

m2
N − (EΣ0 −mK)2 + k20
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×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]

− 2

3

α(2α− 1)(3− 2α)g3πNN

m2
η − (EN −mN )2 + k20

1

mΣ +mN +mK

×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]

− 1

3

(3− 4α)2g3πNN

m2
η − (EN −mN )2 + k20

mN +mK −mΣ

m2
N − (EΣ0 −mK)2 + k20

×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]. (7.2)

The effective Lagrangian of the transition nΛ0 → K−pn,
caused by the scalar-meson exchanges, is equal to

LnΣ0

K−pn(x)S = −1

2

1

gAFπ

(2α− 1)g2πNN

m2
K − (EΣ0 −mN )2 + k20

×[p̄(x)iγ5Σ0(x)][n̄(x)n(x)]

− 1

2

FK
gAF 2

π

(2α− 1)g2πNN

m2
π − (EN −mN )2 + k20

×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]

− 1

6

FK
gAF 2

π

(2α− 1)(3− 4α)g2πNN

m2
η − (EN −mN )2 + k20

×[p̄(x)Σ0(x)][n̄(x)iγ5n(x)]

− FK
gAF 2

π

(2α− 1)g2πNN

m2
π − (EN −mN )2 + k20

×[n̄(x)Σ0(x)][p̄(x)iγ5n(x)]. (7.3)

Making the Fierz transformation (see (6.3)) we reduce the
four-baryon operators to the form

[p̄(x)γ5Σ0(x)][n̄(x)n(x)]→

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Σ0(x)]

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Σ0(x)],

[n̄(x)γ5Σ0(x)][p̄(x)n(x)]→

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Σ0(x)]

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Σ0(x)],

[p̄(x)Σ0(x)][n̄(x)γ5n(x)]→

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Σ0(x)]

− 1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Σ0(x)],

[n̄(x)Σ0(x)][p̄(x)γ5n(x)]→

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Σ0(x)]

+
1

4
[p̄(x)~γnc(x)] · [n̄c(x)γ0~γγ5Σ0(x)]. (7.4)

These relations make a projection of the four-baryon
states onto the 3S1 ⊗ 3P1 and 3S1 ⊗ 1P1 states. Taking
into account the relations (7.4) we can extract from the
effective Lagrangian (7.2) the effective interactions, re-
sponsible for the transitions (nΣ0)3P1

→ K−(pn)3S1
and

(nΣ0)1P1
→ K−(pn)3S1

with the nΣ0 pair in the 3P1 and
1P1 state.

7.2 Reaction (nΣ0)3P1
→ K−(pn)3S1

The amplitude of the reaction (nΣ0)3P1
→ K−(pn)3S1

,
where the nΣ0 pair in the 3P1 state couples to the np
pair in the 3S1 state, is defined as

M(n(~k, α1)Σ
0(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1) = iC
(nΣ0;3P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 − iatnpK

×f (nΣ
0;3P1)

K−(pn;3S1)
(k0), (7.5)

where f
(nΣ0;3P1)
K−(pn;3S1)

(k0) is the amplitude, describing the

nΣ0 rescattering in the 3P1 state near threshold of the

K−(pn)3S1
system production, and C

(nΣ0;3P1)
K−(pn;3S1)

is the ef-

fective coupling constant of the transition (nΣ0)3P1
→

K−(pn)3S1
.

Using (7.2) and (7.3) we obtain the effective La-
grangian of the transition (nΛ0)3P1

→ K−(pn)3S1
near

threshold:

L(nΣ
0;3P1)→K−(pn;3S1)

eff (x) =

iC
(nΣ0;3P1)
K−(pn;3S1)

K−†(x)[p̄(x)~γnc(x)] · [n̄c(x)~γγ5Σ0(x)]. (7.6)

The effective coupling constant C
(nΣ0;3P1)
K−(pn;3S1)

is equal to16

C
(nΣ0;3P1)
K−(pn;3S1)

= −7× 10−7MeV−3, (7.7)

where EΣ0 = 1302MeV, EN = 1072MeV and k0 =
516MeV.

The amplitude f
(nΣ0;3P1)
K−(pn;3S1)

(k0), describing the rescat-

tering of the nΣ0 pair in the 3P1 state near threshold
of the K−(pn)3S1

system production, is defined by the
Feynman diagrams depicted in fig. 6 with a replacement
Λ0 → Σ0 and reads (see (6.11))
∣

∣

∣
f
(nΣ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CnΣ0(3P1)

12π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 1, (7.8)

where E(k0) =
√

k20 +m2
B
17 and the effective coupling

constant CnΣ0(3P1) is equal to

CnΣ0(3P1) = (2α− 1)2
g2πNN

4k20
ln

(

1 +
4k20
m2
K

)

+α(3− 4α)
g2πNN

6k20
ln

(

1 +
4k20
m2
η

)

=

0.7× 10−4MeV−2. (7.9)

16 The analytical expression in given in [11].
17 For simplicity we use the equal masses of baryons for the
calculation of the rescattering of the nΣ0 pair, where mB =
√

(2mN +mK)2 − 4k2
0/2 = 1070MeV.
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The rescattering of the nΣ0 pair in the 3P1 state is defined
by the interaction, computed in the one-meson exchange
approximation (see [19]):

L(nΣ
0;3P1)→(nΣ0;3P1)

eff (x) =

−1

4
CnΣ0(3P1)[Σ̄

0(x)~γγ5nc(x)] · [n̄c(x)~γγ5Σ0(x)]. (7.10)

In our approach the effective Lagrangian (7.10) describes
also the final-state (nΣ0)3P1

interaction near threshold of
the reaction K−(pn)3S1

→ (nΣ0)3P1
.

7.3 S-wave amplitude f̃K
−d

0 (0)(nΣ0;3P1) of K
−d

scattering

The amplitude f̃K
−d

0 (0)(nΣ0;3P1) can be computed similar

to f̃K
−d

0 (0)(nΛ0;3P1). The summation over polarizations of
the coupled baryons is defined by (6.15). This gives the

imaginary part of the amplitude f̃K
−d

0 (0)(nΣ0;3P1) equal
to

Imf̃K−d0 (0)(nΣ0;3P1) =

4.6× 10−3
1

3π2
m3
π

1 +mK/md

k30
2mN +mK

×
[

C
(nΣ0;3P1)
K−pn

]2∣
∣

∣
f
(nΣ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

=

1.9× 10−3 fm. (7.11)

The real part of f̃K
−d

0 (0)(nΣ0;3P1) reads

Ref̃K−d0 (0)(nΣ0;3P1) =

4.6× 10−3
1

12π2
m3
π

1 +mK/md

× k20
1 +mK/2mB

[

C
(nΣ0;3P1)
K−(pn;3S1)

]2

×
∣

∣

∣
f
(nΣ0;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

F

(

Λ

mB
,
k0
mB

)

=

0.05× 10−3 fm, (7.12)

where Λ = mN and mB =
√

(2mN +mK)2 − 4k20/2 =
1070MeV.

The S-wave amplitude f̃K
−d

0 (0)(nΣ0;3P1) of K
−d scat-

tering near threshold, caused by the two-body inelastic
channel K−(pn)3S1

→ (nΣ0)3P1
→ K−(pn)3S1

, is given
by

f̃K
−d

0 (0)(nΣ0;3P1) = (0.05 + i1.90)× 10−3 fm. (7.13)

Now we proceed to computing the S-wave amplitude

f̃K
−d

0 (0)(nΣ0;1P1) of K−d scattering near threshold, sat-

urated by the intermediate (nΣ0)1P1
state.

7.4 Reaction (nΣ0)1P1
→ K−(pn)3S1

The amplitude of the reaction (nΣ0)1P1
→ K−(pn)3S1

is
defined by

M(n(~k, α1)Σ
0(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1) = iC
(nΣ0;1P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (nΣ
0;1P1)

K−(pn;3S1)
(k0). (7.14)

The effective Lagrangian of the transition (nΣ0)1P1
→

K−(pn)3S1
at threshold can be defined by

L(nΣ
0;1P1)→K−(pn;3S1)

eff (x) =

iC
(nΣ0;1P1)
K−(pn;3S1)

K−†(x)[p̄(x)~γnc(x)]

·[n̄c(x)γ0~γγ5Σ0(x)]. (7.15)

Using the effective Lagrangians (7.2) and (7.3), and the
prescription for the projection of the four-baryon opera-
tors onto the 3S1⊗3P1 and

3S1⊗1P1 states (7.4) we obtain

the effective coupling constant C
(nΣ0;1P1)
K−(pn;3S1)

equal to

C
(nΛ0;1P1)
K−(pn;3S1)

= −2× 10−7MeV−3. (7.16)

The Lagrangian (7.15) describes the interaction of the
nΣ0 pair in the 1P1 state with the np pair in the 1S1
through the emission of the K−-meson.

7.5 Amplitude of (nΣ0)1P1
rescattering

The amplitude f
(nΣ0;1P1)
K−pn (k0), describing the rescattering

of the nΣ0 pair in the 1P1 state near threshold of the
K−pn system production, is defined by the Feynman dia-
grams analogous to those depicted in fig. 6. The result of
the calculation reads (see appendix E in [11])

∣

∣

∣
f
(nΣ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CnΣ0(1P1)

24π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 1, (7.17)

where E(k0) =
√

k20 +m2
B
18 and the effective coupling

constant C(nΛ0)(
1P1) is equal to

CnΣ0(3P1) = C(nΛ0)(
1P1) = 0.7× 10−4MeV−2. (7.18)

18 For simplicity we use the equal masses of baryons for the
calculation of the rescattering of the nΛ0 pair, where mB =
√

(2mN +mK)2 − 4k2
0/2 = 1070MeV.
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The rescattering of the nΣ0 pair in the 3P1 state is defined
by the interaction

L(nΣ
0;3P1)→(nΣ0;3P1)

eff (x) =

−1

4
CnΣ0(3P1)[Σ̄

0(x)~γγ5nc(x)] · [n̄c(x)~γγ5Σ0(x)]. (7.19)

The amplitude f̃K
−d

0 (0)(nΣ0;1P1), caused by the interme-

diate (nΣ0)1P1
state we define as follows.

7.6 S-wave amplitude f̃K
−d

0 (0)(nΣ0;1P1) of K
−d

scattering

The result of the summation over polarizations of inter-
acting baryons is given by (6.30). Hence, at threshold the
imaginary part of the S-wave amplitude of K−d scatter-
ing, caused by the intermediate (nΣ0)3P1

state, is equal
to

Imf̃K−d0 (0)(nΣ0;1P1) =

4.6× 10−3
1

6π2
m3
π

1 +mK/md

k30
2mN +mK

×
[

C
(nΣ0;1P1)
K−(pn;3S1)

]2∣
∣

∣
f
(nΣ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

=

0.1× 10−3 fm. (7.20)

The real part of f̃K
−d

0 (0)(nΛ0;1P1) reads

Ref̃K−d0 (0)(nΛ0;1P1) =

4.6× 10−3
1

24π2
m3
π

1 +mK/md

k20
1 +mK/2mB

×
[

C
(nΛ0;1P1)
K−(pn;3S1)

]2∣
∣

∣
f
(nΛ0;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

F

(

Λ

mB
,
k0
mB

)

=

2× 10−6 fm. (7.21)

Thus, the S-wave amplitude f̃K
−d

0 (0)(nΣ0;1P1) of K−d
scattering, caused by the two-body inelastic channel
K−(pn)3S1

→ (nΣ0)1P1
→ K−(pn)3S1

, is equal to

f̃K
−d

0 (0)(nΣ0;1P1) = (0.02 + i1.00)× 10−4 fm. (7.22)

Now we can estimate the contribution of the two-body in-
elastic channel K−(pn)3S1

→ nΣ0 → K−(pn)3S1
to the

S-wave amplitude f̃K
−d

0 (0) ofK−d scattering near thresh-
old and the energy level displacement of the ground state
of kaonic deuterium.

7.7 S-wave amplitude fK
−d

0 (0)nΣ0 and the energy level
displacement

The S-wave amplitude of K−d scattering at threshold,
saturated by the inelastic channel K−(pn)3S1

→ nΣ0 →
K−(pn)3S1

with the nΣ0 pair in the 3P1 and 1P1 state, is
equal to the sum of the contributions (7.13) and (7.22)

f̃K
−d

0 (0)nΣ0 = (0.05 + i2.00)× 10−3 fm. (7.23)

The contribution of the decay AKd → nΛ0 to the energy
level displacement of the ground state of kaonic deuterium
amounts to

−ε(nΣ
0)

1s + i
Γ
(nΣ0)
1s

2
= 602f̃K

−d
0 (0)nΣ0 =

(0.03 + i1.2) eV. (7.24)

Hence, the partial width of the decay AKd → nΛ0 is equal

to Γ
(nΣ0)
1s = 2.4 eV.
According to [31], the experimental rate of the produc-

tion of the nΣ0 pair at threshold of the reaction K−d→
nΣ0 is equal to R(K−d→ nΣ0) = (0.337± 0.070)%.

Using our estimate of the partial width, Γ
(nΣ0)
1s =

(2.40 ± 0.48) eV, where ±0.48 eV is a theoretical accu-
racy of the result, and the experimental rate, R(K−d →
nΣ0) = (0.337 ± 0.070)%, we can estimate the expected
value of the total width of the energy level of the ground
state of kaonic deuterium

Γ1s =
Γ
(nΣ0)
1s

(0.337± 0.070)× 10−2
= (700± 200) eV. (7.25)

This value is compared well with our estimate Γ1s =
(570 ± 130) eV, which we have made in sect. 6 using
the theoretical value of the partial width of the decay
AKd → nΛ0 and the experimental rate of the nΛ0 pro-
duction in the reaction K−d→ nΛ0.

8 Amplitude of reaction

K−(pn)3S1
→ pΣ− → K−(pn)3S1

and the

energy level displacement

The amplitudes of the reactions K−(pn)3S1
→ (pΣ−)X ,

where the pΣ− pair couples in the X = 3P1 and
1P1 state,

we define as

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
p(~k, α1)Σ

−(−~k, α2); 3P1) = −iC(pΣ−;3P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (pΣ
−;3P1)

K−(pn;3S1)
(k0),

M(K−(~0)p( ~K, σp)n(− ~K, σn)→
p(~k, α1)Σ

−(−~k, α2); 1P1) = −iC(pΣ−;1P1)
K−(pn;3S1)

×
[

ūc(− ~K, σn)~γu( ~K, σp)
]

·
[

ū(−~k, α2)γ0~γγ5uc(~k, α1)
]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (pΣ
−;1P1)

K−(pn;3S1)
(k0), (8.1)

where f
(pΣ−;X)
K−(pn;3S1)

(k0) is the amplitude of the final-

state pΣ− interaction near threshold of the reaction

K−(pn)3S1
→ (pΣ−)X and C

(pΣ0;X)
K−(pn;3S1)

is the effec-

tive coupling constant of the transition K−(pn)3S1
→

(pΣ−)X , where X = 3P1 or 1P1.
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Fig. 9. Feynman diagrams describing the effective coupling constant CpΣ
−

K−pn
of the transition pΣ− → K−pn in the one-

pseudoscalar-meson exchange approximation.
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Fig. 10. Feynman diagrams describing the contribution of scalar mesons to the effective coupling constant of the transition
pΣ− → K−pn in the one-pseudoscalar-meson exchange approximation.

8.1 Effective coupling constant C
pΣ−

K−pn

The transition pΣ− → K−pn, induced by the one-
pseudoscalar-meson exchange, is defined by the set of
Feynman diagrams depicted in fig. 9. The Feynman dia-
grams for the transition pΣ− → K−pn, determined in the
one-pseudoscalar-meson approximation with scalar-meson
exchanges, we adduce in fig. 10. In the momentum repre-
sentation the amplitude of the transition pΣ− → K−pn,
determined by the Feynman diagrams in fig. 9, is given
in [11]. Near threshold of the transition pΣ− → K−pn
the set of diagrams in fig. 9 we represent in the form of
the local effective Lagrangian

LpΣ
−→K−pn

eff (x)P =

−
√
2

(2α− 1)3g3πNN

m2
K − (EΣ− −mN )2 + k20

× 1

mΣ +mN +mK
[n̄(x)iγ5Σ−(x)][p̄(x)p(x)]

+

√
2

3

(2α− 1)(3− 2α)2g3πNN

m2
K − (EΣ− −mN )2 + k20

× 1

mΛ0 +mN +mK
[n̄(x)iγ5Σ−(x)][p̄(x)p(x)]

+
√
2

(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× mN +mK −mΣ

m2
N − (EΣ− −mK)2 + k20

×[n̄(x)Σ−(x)][p̄(x)iγ5p(x)]

+ 2
√
2

(1− α)(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× 1

mΣ +mN +mK
[n̄(x)Σ−(x)][p̄(x)iγ5p(x)]

− 2
√
2

(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× mN +mK −mΣ

m2
N − (EΣ− −mK)2 + k20

×[p̄(x)Σ−(x)][n̄(x)iγ5p(x)]

− 2
√
2

(1− α)(2α− 1)g3πNN

m2
π − (EN −mN )2 + k20

× 1

mΣ +mN +mK
[p̄(x)Σ−(x)][n̄(x)iγ5p(x)]

+
2
√
2

3

α(3− 2α)g3πNN

m2
π − (EN −mN )2 + k20

× 1

mΛ0 +mN +mK
[p̄(x)Σ−(x)][n̄(x)iγ5p(x)]

−
√
2

3

(2α− 1)g3πNN

m2
η − (EN −mN )2 + k20

× mN +mK −mΣ

m2
N − (EΣ− −mK)2 + k20

×[n̄(x)Σ−(x)][p̄(x)iγ5p(x)]

− 2
√
2

3

α(2α− 1)(3− 4α)g3πNN

m2
η − (EN −mN )2 + k20

× 1

mΣ +mN +mK
[n̄(x)Σ−(x)][p̄(x)iγ5p(x)], (8.2)

where EΣ− = 1302MeV, EN = 1072MeV and k0 =
516MeV.

The effective Lagrangian of the transition pΣ− →
K−pn, defined by the Feynman diagrams in fig. 10 with
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the scalar-meson exchanges, is equal to

LpΣ
−→K−pn

eff (x)S =

− 1√
2

1

gAFπ

(2α− 1)g2πNN

m2
K − (EΣ− −mN )2 + k20

×[n̄(x)iγ5Σ−(x)][p̄(x)p(x)]

+
1√
2

1

gAFπ

(2α− 1)g2πNN

m2
π − (EN −mN )2 + k20

×[n̄(x)Σ−(x)][p̄(x)iγ5p(x)]

− 1

3
√
2

1

gAFπ

(2α− 1)(3− 4α)g2πNN

m2
η − (EN −mN )2 + k20

×[n̄(x)Σ−(x)][p̄(x)iγ5p(x)]. (8.3)

Recall that the contribution of the scalar mesons is com-
puted in the infinite mass limit corresponding to the non-
linear realization of chiral symmetry. The effective La-
grangians defining the transitions (pΣ−)3P1

→ K−(pn)3S1

and (pΣ−)1P1
→ K−(pn)3S1

can be derived from (8.2)
and (8.3) by means of the Fierz transformation (see (6.3)
and (6.4))

[n̄(x)γ5Σ−(x)][p̄(x)p(x)]→

+
1

4
[n̄(x)~γpc(x)] · [p̄c(x)~γγ5Σ−(x)]

− 1

4
[n̄(x)~γpc(x)] · [p̄c(x)γ0~γγ5Σ−(x)],

[n̄(x)Σ−(x)][p̄(x)γ5p(x)]→

− 1

4
[n̄(x)~γpc(x)] · [p̄c(x)~γγ5Σ−(x)]

− 1

4
[n̄(x)~γpc(x)] · [p̄c(x)γ0~γγ5Σ−(x)],

[p̄(x)Σ−(x)][n̄(x)γ5p(x)]→

+
1

4
[n̄(x)~γpc(x)] · [p̄c(x)~γγ5Σ−(x)]

+
1

4
[n̄(x)~γpc(x)] · [p̄c(x)γ0~γγ5Σ−(x)]. (8.4)

Substituting (8.4) into (8.2) and (8.3), we obtain the
effective Lagrangians responsible for the transitions
(pΣ−)3P1

→ K−(pn)3S1
and (pΣ−)1P1

→ K−(pn)3S1
.

8.2 Reaction (pΣ−)3P1
→ K−(pn)3S1

The amplitude of the reaction (pΣ−)3P1
→ K−(pn)3S1

is
defined by

M(p(~k, α1)Σ
−(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 3P1) = iC
(pΣ−;3P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 − iatnpK

×f (pΣ
−;3P1)

K−(pn;3S1)
(k0), (8.5)

where f
(pΣ−;3P1)
K−(pn;3S1)

(k0) is the amplitude, describing the

pΣ− rescattering in the 3P1 state near threshold of the

K−(pn)3S1
system production and C

(pΣ−;3P1)
K−(pn;3S1)

is the ef-

fective coupling constant of the transition (pΣ−)3P1
→

K−(pn)3S1
.

The effective Lagrangian of the transition (pΣ−)3P1
→

K−(pn)3S1
, computed at threshold, reads

L(pΣ
−;3P1)→K−(pn;3S1)

eff (x)P =

iC
(pΣ−;3P1)
K−(pn;3S1)

K−†(x)[n̄(x)~γpc(x)]

·[p̄c(x)~γγ5Σ−(x)]. (8.6)

The effective coupling constant C
(pΣ−;3P1)
K−(pn;3S1)

is defined

by [11]

C
(pΣ−;3P1)
K−(pn;3S1)

= −7× 10−7MeV−3. (8.7)

The amplitude f
(pΣ−;3P1)
K−(pn;3S1)

(k0), describing the rescatter-

ing of the pΣ− pair in the 3P1 state near threshold of the
K−(pn)3S1

system production, is defined by the Feynman
diagrams similar to those depicted in fig. 6. The proce-
dure of the calculation of these diagrams is expounded in
appendix E in [11]. The result of the calculation reads

∣

∣

∣
f
(pΣ−;3P1)
K−(pn;3P1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CpΣ−(
3P1)

12π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 0.6, (8.8)

where E(k0) =
√

k20 +m2
B
19 and the effective coupling

constant CpΣ−(
3P1) is equal to

CpΣ−(
3P1) = −(1− α)

g2πNN

2k20
ln

(

1 +
4k20
m2
π

)

+α(3− 4α)
g2πNN

6k20
ln

(

1 +
4k20
m2
η

)

=

−4.0× 10−4MeV−2. (8.9)

The rescattering of the pΣ− pair in the 3P1 state is defined
by the interaction, computed in the one-meson exchange
approximation

L(pΣ
−;3P1)→(pΣ−;3P1)

eff (x) =

− 1

4
CpΣ−(

3P1)[Σ̄
−(x)~γγ5pc(x)]

·[p̄c(x)~γγ5Σ−(x)]. (8.10)

We would like to remind that the interaction (8.10) defines
also the final-state (pΣ−)3P1

interaction near threshold of
the reaction K−(pn)3P1

→ (pΣ−)3P1
.

19 For simplicity we use the equal masses of baryons for the
calculation of the rescattering of the pΣ− pair, where mB =
√

(2mN +mK)2 − 4k2
0/2 = 1070MeV.
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8.3 S-wave amplitude f̃K
−d

0 (0)(pΣ−;3P1) of K
−d

scattering

The amplitude f̃K
−d

0 (0)(pΣ−;3P1) can be computed in a

way similar to f̃K
−d

0 (0)(nΛ0;3P1) and f̃K
−d

0 (0)(nΣ0;3P1).
The result reads

f̃K
−d

0 (0)(pΣ−;3P1) = 4.6× 10−3
1

3π2
m3
π

1 +mK/md

×
[

C
(pΣ−;3P1)
K−(pn;3S1)

]2∣
∣

∣
f
(pΣ−;3P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

×
[

1

4

k20
1 +mK/2mB

F

(

Λ

mB
,
k0
mB

)

+ i
k30

2mN +mK

]

=

(0.02 + i0.7)× 10−3 fm. (8.11)

Now we proceed to computing the contribution of the re-
action (nΣ0)1P1

→ K−(pn)3S1
.

8.4 Reaction (pΣ−)1P1
→ K−(pn)3S1

The amplitude of the reaction (pΣ−)1P1
→ K−(pn)3S1

is
defined by

M(p(~k, α1)Σ
−(−~k, α2)→

K−(~0)p( ~K, σp)n(− ~K, σn); 1P1) = iC
(pΣ−;1P1)
K−(pn;3S1)

×
[

ū( ~K, σp)~γu
c(− ~K, σn)

]

·
[

ūc(~k, α1)~γγ
5u(−~k, α2)

]

1− 1
2r

t
npa

t
npK

2 + iatnpK

×f (pΣ
−;1P1)

K−(pn;3S1)
(k0). (8.12)

The effective Lagrangian of the transition (pΣ−)1P1
→

K−(pn)3S1
at threshold can be defined by

L(pΣ
−;1P1)→K−(pn;3S1)

eff (x) =

iC
(pΣ−;1P1)
K−(pn;3S1)

K−†(x)[n̄(x)~γpc(x)]

·[p̄c(x)γ0~γγ5Σ−(x)]. (8.13)

Using (8.2), (8.3) and (8.4) we compute the effective cou-

pling constant C
(pΣ−;1P1)
K−(pn;3S1)

. It is equal to

C
(nΛ0;1P1)
K−(pn;3S1)

= −12× 10−7MeV−3. (8.14)

The Lagrangian (8.13) describes the interaction of the
pΣ− pair in the 1P1 state with the np pair in the 1S1
state through the emission of the K−-meson.

8.5 Amplitude of (pΣ−)1P1
rescattering

.

The amplitude f
(pΣ−;1P1)
K−(pn;3S1)

(k0), describing the rescat-

tering of the nΣ0 pair in the 1P1 state near threshold of

the K−pn system production, is given by (see appendix E
in [11])

∣

∣

∣
f
(pΣ−;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣
=

∣

∣

∣

∣

{

1− CpΣ−(
1P1)

24π2
k30

E(k0)

[

ln

(

E(k0) + k0
E(k0)− k0

)

− iπ
]}−1∣

∣

∣

∣

' 0.8. (8.15)

The effective coupling constant CpΣ−(
1P1) is equal to

CpΣ−(
1P1) = CpΣ−(

3P1) = −4.0× 10−4MeV−2. (8.16)

The rescattering of the pΣ− pair in the 3P1 state is defined
by the interaction

L(pΣ
−;1P1)→(pΣ−;1P1)

eff (x) =

− 1

4
CpΣ−(

1P1)[Σ̄
−(x)~γγ5pc(x)]

·[p̄c(x)~γγ5Σ−(x)]. (8.17)

Recall that according to [19] the effective coupling con-
stant CpΣ−(

1P1) is computed in the one-pseudoscalar-
meson exchange approximation.

8.6 S-wave amplitude f̃K
−d

0 (0)(pΣ−;1P1) of K
−d

scattering

The S-wave amplitude f̃K
−d

0 (0)(pΣ−;1P1) of K
−d scatter-

ing near threshold, caused by the reaction K−(pn)3S1
→

(pΣ−)1P1
→ K−(pn)3S1

, is equal to

f̃K
−d

0 (0)(pΣ−;1P1) = 4.6× 10−3
1

6π2

× m3
π

1 +mK/md

[

C
(pΣ−;1P1)
K−(pn;3S1)

]2∣
∣

∣
f
(pΣ−;1P1)
K−(pn;3S1)

(k0)
∣

∣

∣

2

×
[

1

4

k20
1 +mK/2mB

F

(

Λ

mB
,
k0
mB

)

+ i
k30

2mN +mK

]

=

(0.05 + i1.8)× 10−3 fm. (8.18)

Now we can compute the contribution of the two-body
inelastic channel K−(pn)3S1

→ pΣ− → K−(pn)3S1
to

the S-wave amplitude fK
−d

0 (0)pΣ− ofK−d scattering near
threshold and the energy level displacement of the ground
state of kaonic deuterium.

8.7 S-wave amplitude fK
−d

0 (0)pΣ− and the energy level
displacement

The S-wave amplitude of K−d scattering at threshold,
saturated by the inelastic reaction K−(pn)3S1

→ pΣ− →
K−(pn)3S1

with the pΣ− pair in the 3P1 and 1P1 state,
is equal to the sum of the contributions (8.11) and (8.18):

f̃K
−d

0 (0)pΣ− = (0.07 + i2.5)× 10−3 fm. (8.19)
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The contribution of the decay AKd → pΣ− to the energy
level displacement of the ground state of kaonic deuterium
amounts to

−ε(pΣ
−)

1s + i
Γ
(nΣ0)
1s

2
= 602f̃K

−d
0 (0)nΣ0 =

(0.04 + i1.5) eV. (8.20)

Hence, the partial width of the decay AKd → pΛ− is equal

to Γ
(pΣ−)
1s = 3.0 eV.
According to [31], the experimental rate of the produc-

tion of the nΣ0 pair at threshold of the reaction K−d→
pΣ− is equal to R(K−d→ pΣ−) = (0.505± 0.036)%.

Using our estimate of the partial width, Γ
(pΣ−)
1s =

(3.0± 0.6) eV, where ±0.6 eV is a theoretical accuracy of
the result, and the experimental rate, R(K−d→ nΣ0) =
(0.505 ± 0.036)%, we can estimate the expected value of
the total width of the energy level of the ground state of
kaonic deuterium

Γ1s =
Γ
(pΣ−)
1s

(0.505± 0.036)× 10−2
= (590± 130) eV. (8.21)

This value is compared well with our estimate Γ1s =
(570 ± 130) eV and Γ1s = (700 ± 200) eV, which we have
made in sects. 6 and 7 using the theoretical values of the
partial widths of the decays AKd → nΛ0 and AKd → nΣ0

and the experimental rates of the nΛ0 and nσ0 production
in the reactions K−d→ nΛ0 and K−d→ nΣ0.

9 Comparison with experimental data and

the energy level displacement

The imaginary parts of the amplitudes f̃K
−d

0 (0)NY with
NY = nΛ0, nΣ0 and pΣ− are proportional to the cross-
sections for the reactions K−d → nΛ0, K−d → nΣ0 and
K−d→ pΣ− near threshold. According to the experimen-
tal data by Veirs and Burnstein [31], the production rates
of NY pairs in the reactions K−d → nΛ0, K−d → nΣ0

and K−d→ pΣ− are equal to

R(K−d→ nΛ0) = (0.387± 0.041)%,

R(K−d→ nΣ0) = (0.337± 0.070)%,

R(K−d→ pΣ−) = (0.505± 0.036)%,

R =
∑

NY

R(K−d→ NY ) = (1.229± 0.090)%. (9.1)

The ratios, independent on a total yield, read

R(Λ0/Σ0) =
R(K−d→ nΛ0)

R(K−d→ nΣ0)
= (1.15± 0.27),

R(Σ0/Σ−) =
R(K−d→ nΣ0)

R(K−d→ pΣ−)
= (0.68± 0.15),

R(Λ0/Σ−) =
R(K−d→ nΛ0)

R(K−d→ pΣ−)
= (0.77± 0.10). (9.2)

For these ratios we predict the following theoretical values:

R(Λ0/Σ0) =
Imf̃K−d0 (0)nΛ0

Imf̃K−d0 (0)nΣ0

= 1.0± 0.3,

R(Σ0/Σ−) =
Imf̃K−d0 (0)nΣ0

Imf̃K−d0 (0)pΣ−
= 0.8± 0.2,

R(Λ0/Σ−) =
Imf̃K−d0 (0)nΛ0

Imf̃K−d0 (0)pΣ−
= 0.8± 0.2. (9.3)

The theoretical predictions agree well with the experimen-
tal data.

We would like to emphasize that according to the re-
quirement of isospin invariance the ratio R(Σ0/Σ−) of
the cross-sections for the reactions K−d → nΣ0 and
K−d→ pΣ− should be equal to

R(Σ0/Σ−) = 0.5. (9.4)

We would like to notice that the strength of the forces
responsible for the transitions K−d → nΣ0 and K−d →
pΣ− is of order of a strength of the forces violating isospin
invariance. Indeed, relative mass differences of the neutron
and proton (mn−mp)/mN = 0.138% and the charged and
neutral K-mesons (mK̄0 −mK−)/mK = 0.607% are of or-
der of the production rates of the NY pairs near threshold
of the reactions K−d→ NY . Therefore, a departure from
the isospin invariance for the ratio of the cross-sections of
the reactions K−d → nΣ0 and K−d → pΣ− should not
be a surprise [31].

The contribution of the inelastic two-body channels
K−d → NY to the energy level displacement of the
ground state of kaonic deuterium is given by

−ε(nΛ
0)

1s + i
Γ
(nΛ0)
1s

2
= 602f̃K

−d
0 (0)nΛ0 =

(−0.10± 0.02) + i(1.1± 0.2) eV,

−ε(nΣ
0)

1s + i
Γ
(nΣ0)
1s

2
= 602f̃K

−d
0 (0)nΣ0 =

(+0.03± 0.01) + i(1.2± 0.3) eV,

−ε(pΣ
−)

1s + i
Γ
(pΣ−)
1s

2
= 602f̃K

−d
0 (0)pΣ− =

(+0.04± 0.01) + i(1.5± 0.3) eV.

(9.5)

The partial widths Γ
(NY )
1s , equal to

Γ
(nΛ0)
1s = (2.2± 0.5) eV,

Γ
(nΣ0)
1s = (2.4± 0.5) eV,

Γ
(pΣ−)
1s = (3.0± 0.6) eV, (9.6)

compare well with the theoretical estimates discussed by
Reitan [30]:

0.66 eV ≤
(

Γ
(nΛ0)
1s

Γ
(nΣ0)
1s

)

≤ 190 eV,

0.66 eV ≤ Γ
(pΣ−)
1s ≤ 3.95 eV. (9.7)
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The S-wave amplitude f̃K
−d

0 (0)(two-body) of K−d scat-
tering near threshold, caused by the two-body inelastic
channels K−d → NY → K−d with the intermediate
NY = nΛ0, nΣ0 and pΣ− states, is equal to

f̃K
−d

0 (0)(two-body) =

(−0.08± 0.02) + i(6.4± 0.8)× 10−3 fm. (9.8)

The energy level displacement of the ground state of
kaonic deuterium caused by the inelastic two-body decays
AKd → nΛ0, AKd → nΣ0 and AKd → pΣ− is equal to

−ε(two-body)1s + i
Γ
(two-body)
1s

2
= 602f̃K

−d
0 (0)(two-body) =

(−0.05± 0.01) + i(3.9± 0.5) eV. (9.9)

Using the experimental value of the total production rate
R = (1.229 ± 0.090)% and our theoretical prediction for

Γ
(two-body)
1s , given by (9.9), we can estimate the expected

value of the total width of the ground state of kaonic deu-
terium

Γ1s =

∑

NY Γ
(NY )
1s

(1.229± 0.090)× 10−2
=

Γ
(nΛ0)
1s + Γ

(nΣ0)
1s + Γ

(pΣ−)
1s

(1.229± 0.090)× 10−2
=

7.8± 1.0

(1.229± 0.090)× 10−2
= (630± 100) eV. (9.10)

This value agrees well with the estimates (6.36), (7.25)
and (8.21).

Following the estimate of the total width, based on
the theoretical values of the widths of the decays AKd →
nΛ0, nΣ0 and AKd → pΣ− and the experimental rates
of the reactions K−d → nΛ0, K−d → nΣ0 and K−d →
pΣ−, we can estimate the expected contribution of the
three-body decays AKd → NY π to the shift of the energy
level of the ground state of kaonic deuterium. We get

ε
(three-body)
1s = (9± 8) eV. (9.11)

This implies that the contribution of the inelastic chan-
nels with two-body K−d → NY → K−d and three-body
K−d→ NY π → K−d intermediate states to the real part
of the S-wave amplitude of K−d scattering near threshold
is negligible small, and the real part of the S-wave am-
plitude of K−d scattering near threshold is fully defined
by the Ericson-Weise formula for the S-wave scattering
length (4.17). This gives the following value for the shift
of the energy level of the ground state of kaonic deuterium:

ε1s = −602
(

aK
−d

0

)

EW
+ ε

(three-body)
1s = (325± 60) eV.

(9.12)
Thus, we predict that the S-wave amplitude of K−d scat-
tering near threshold is equal to

fK
−d

0 (0)=(−0.540± 0.095)+i(0.521± 0.075) fm. (9.13)

This defines the energy level displacement of the ground
state of kaonic deuterium

−ε1s + i
Γ1s
2

= 602fK
−d

0 (0) =

(−325± 60) + i(315± 50) eV. (9.14)

A confirmation of these estimates should go through
the calculation of the contributions of the reactions
K−(pn)3S1

→ NY π to the amplitude of low-energy elastic
K−d scattering.

10 Conclusion

The quantum field-theoretic and relativistic covariant ap-
proach, developed in [4–6] for the description of the en-
ergy level displacement of the ground and excited states
of pionic hydrogen [4,5] and the energy level displacement
of the ground state of kaonic hydrogen [6], has been ap-
plied to the analysis of the energy level displacement of
the ground state of kaonic deuterium and the S-wave am-
plitude of elastic K−d scattering near threshold.

According to [4–6] we have represented the energy level
displacement of the ground state of kaonic deuterium in
terms of the momentum integrals of the amplitude of elas-
tic K−d scattering for arbitrary relative momenta of the
K−d pair weighted with the wave functions of kaonic deu-
terium in the ground state. The knowledge of this ampli-
tude should allow to compute the energy level displace-
ment of the ground state of kaonic deuterium without any
low-energy approximation. As has been shown in [4–6] the
low-energy reduction of our representation of the energy
level displacements of exotic atoms reproduces the well-
known DGBT formula with additional corrections caused
by the smearing of wave functions around the origin. Such
a smearing is defined by the relativistic factors, related to
the recoil energies of the nuclei [4]. These corrections are
negative and of order 1%. They are universal for all ex-
otic atoms, the existence of which is caused by Coulombic
forces. Since the experimental accuracy of the measure-
ment of the energy level displacement of the ground state
of pionic hydrogen, reached recently by the PSI Collabo-
ration [37], is of order 1%, the corrections, obtained in [4],
play an important role for the correct extraction of the
S-wave scattering lengths of πN scattering from the ex-
perimental data on the energy level displacement of the
ground state of pionic hydrogen [38].

Since the experiments on the energy level displacement
of the ground state of kaonic deuterium are in the stage
of preparation, for the analyses of the energy level dis-
placement of the ground state of kaonic deuterium, we can
neglect the correction of order of 1% and use the DGBT
formula.

In the analysis of the energy level displacement of the
ground state of kaonic deuterium using the DGBT for-
mula the main object of the theoretical investigation is the

S-wave amplitude fK
−d

0 (0) ofK−d scattering near thresh-
old. As has been pointed out by Ericson and Weise [3]
for the analysis of elastic low-energy π−d scattering, the



A.N. Ivanov et al.: On kaonic deuterium. Quantum field-theoretic and relativistic covariant approach 109

S-wave scattering length of π−d scattering can be rep-
resented in the form of the superposition of the S-wave
scattering lengths of π−p and π−n scattering, realizing
so-called the impulse approximation, and the term, de-
scribing elastic π−pn scattering.

Following Ericson and Weise [3] and assuming that at
threshold the S-wave amplitude of K−d scattering is de-
fined by the superposition of the S-wave amplitudes of
K−p and K−n scattering, reproducing the impulse ap-

proximation, and the S-wave amplitude of the three-body
to three-body reaction K−(pn)3S1

→ K−(pn)3S1
, where

the np pair couples in the 3S1 state with isospin zero, we
have introduced the wave function of the ground state of
kaonic deuterium and the wave function of the deuteron in
the momentum and the particle number representation in
terms of the operators of creation of the K−-meson, the
proton and the neutron. In appendix A in [11] we have
shown that these wave functions describe the bound K−d
state and the bound np state with quantum numbers of
the deuteron.

We have shown that due to such a representation of
the wave function of the deuteron, the S-wave ampli-
tude of K−d scattering at threshold can be represented
in the Ericson-Weise form. The real part of the S-wave
amplitude of K−d scattering contains two terms, defined
by the S-wave amplitudes of K−p and K−n scattering
near threshold, and the terms coming from the interac-
tion of three-body scattering K−(pn)3S1

→ K−(pn)3S1
.

The imaginary part of the S-wave amplitude of K−d scat-
tering near threshold is fully defined by S-wave amplitude
of three-body scattering K−(pn)3S1

→ K−(pn)3S1
. The

amplitudes of elastic K−p, K−n and K−(pn)3S1
scatter-

ing are weighted with the wave functions of the deuteron
in the momentum representation.

We would like to accentuate that the Ericson-Weise
form of the S-wave scattering length of π−d scattering
has been derived within a potential model approach. We
have proved this form within the quantum field-theoretic
approach [28] and have derived the K−d version of this
formula. The main object of the Ericson-Weise formula,
〈1/r12〉, where 1/r12 is the inverse distance between the
proton and the neutron averaged over all positions of
them [3], we have computed equal to 〈1/r12〉 = 0.69mπ for
π−d scattering [28] agreeing well with the Ericson-Weise
value 〈1/r12〉 = 0.64mπ [3].

We have shown that in the case of K−d scatter-
ing the Ericson-Weise term, caused by elastic three-body
K−(pn)3S1

scattering, is defined by the S-wave scattering
lengths of K̄N scattering a00 and a10 with isospin zero and
one, respectively, aI0 for I = 0 and I = 1. In our approach

the real part RefK−d0 (0) of the S-wave amplitude of K−d
scattering near threshold is defined by the Ericson-Weise
kind expression and the contribution of the inelastic chan-
nels of three-body reaction K−(pn)3S1

→ K−(pn)3S1
.

The term of the Ericson-Weise formula, defining the
impulse approximation, takes the form of the superposi-

tion of the S-wave scattering length aK
−p

0 of K−p scat-

tering and the S-wave scattering length aK
−n

0 of K−n

scattering. The S-wave scattering length aK
−p

0 of K−p
scattering has been computed in [6].

For the calculation of the S-wave scattering length

aK
−n

0 of elastic K−n scattering we have followed [6]. We
have represented the S-wave amplitude of K−n scatter-
ing near threshold in the form of the contribution of the
Σ−(1750) resonance and the smooth elastic background.
In our approach [6] the smooth elastic background is given
by the contribution of defined by the low-energy interac-
tions, which can be described by the Effective Chiral La-
grangians (ECL), and the exotic states such as the scalar
mesons a0(980) and f0(980), which are the four-quarks
states (or KK̄ molecule), the description of which goes
beyond the scope of ECL. Unlike K−p scattering, where
the contribution of the exotic four-quark states a0(980)
and f0(980) is very important for the correct descrip-
tion of the smooth elastic background, the scalar mesons
a0(980) and f0(980) do not contribute to the real part
of the S-wave amplitude of K−n scattering near thresh-
old. As a result the smooth elastic background is fully
determined by the contribution, described by ECL. We
have computed the smooth elastic background for K−n
scattering near threshold within the soft-kaon technique20

and within the Effective chiral quark model with chiral
U(3)×U(3) symmetry [18]. We have shown that these two
approaches lead to the values of the smooth elastic back-
ground of K−n scattering which are compared within the
accuracy about 10%.

This has made the result of the calculation of the
smooth elastic background for K−p scattering, carried
out in [6] within the Effective quark model with chiral
U(3) × U(3) symmetry, more credible. Recall, that the
calculation of the smooth elastic background for K−p
scattering within the effective quark model with chiral
U(3) × U(3) symmetry has been justified by the absence
of the theoretical and experimental information about the
coupling constants of the exotic scalar mesons a0(980)
and f0(980) with nucleons. In [6] we have computed
the smooth elastic background for K−p scattering near
threshold within the Effective Chiral Lagrangian approach
and fixed the coupling constants of the SNN interactions,
where S = a0(980) and f0(980).

The imaginary part ImfK−d0 (0) of the S-wave ampli-
tude of the three-body reaction K−(pn)3S1

→ K−(pn)3S1

is determined by the inelastic channels with the two-body
intermediate states K−(pn)3S1

→ NY → K−(pn)3S1
,

where NY is nΛ0, nΣ0 and pΣ−, and the three-body in-
termediate states K−(pn)3S1

→ NY π → K−(pn)3S1
.

We have computed the contributions of the two-body
channels K−(pn)3S1

→ NY → K−(pn)3S1
, where NY is

nΛ0, nΣ0 and pΣ−. The calculation of the amplitudes of
the reactionsK−(pn)3S1

→ NY we have carried out in the
one-pseudoscalar and one-scalar meson exchange approx-
imation. The contribution of scalar meson is computed in

20 This is equivalent to the leading order in chiral expansion
of ChPT by Gasser and Leutwyler with a non-linear realization
of chiral U(3)×U(3) symmetry [35] realizing the ECL approach
to the description of strong low-energy interactions of hadrons.
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the infinite mass limit that corresponds to a non-linear
realization of chiral U(3)× U(3) symmetry.

We have shown that the NY pairs in the reactions
K−(pn)3S1

→ NY can be produced in the 3P1 and 1P1

states. Accounting for the rescattering of the np pair in
the 3S1 state and the NY pairs in the 3P1 and 1P1 states

we have computed the S-wave amplitudes fK
−d

0 (0)NY of
K−d scattering near threshold, caused by the two-body in-
elastic channels K−(pn)3S1

→ NY → K−(pn)3S1
. As has

been pointed out in [19] the amplitudes of the rescattering
of the NY pairs produced near threshold of the reactions
K−(pn)3S1

→ NY describe effectively the contribution of
the set of resonances with the quantum numbers of the
NY pairs.

Using the DGBT formula for the energy level displace-
ment we have computed the energy level displacements of
the ground state of kaonic deuterium induced by the two-
body inelastic channels K−(pn)3S1

→ NY → K−(pn)3S1
.

Using the experimental data on the rates of the production
of the states NY is nΛ0, nΣ0 and pΣ− in the reactions
K−d→ NY , we have estimated the expected value of the
total width of the energy level of the ground state of kaonic
deuterium and the contribution of the three-body inelas-
tic channels to the shift of the energy level of the ground
state of kaonic deuterium. As a result, we have found that
the total energy level displacement of the ground state of
kaonic deuterium should be equal to

−ε1s + i
Γ1s
2

= 602fK
−d

0 (0) =

(−325± 60) + i(315± 50) eV,

that corresponds to the S-wave amplitude of K−d scat-
tering near threshold

fK
−d

0 (0) = (−0.540± 0.095) + i(0.521± 0.075) fm.

The theoretical value of the S-wave amplitude of K−d
scattering near threshold and the approach, used for the
calculation of the contribution of the inelastic two-body
channels, have been justified by the description of the
S-wave amplitude of π−d scattering and the calcula-
tion of the contribution of the inelastic two-body channel
π−d→ (nn)3P1

→ π−d in agreement with the experimen-
tal data on the energy level displacement of the ground
state of pionic deuterium [28].

Of course, the complete confirmation of the the-
oretical prediction for the S-wave amplitude of K−d
scattering and the energy level displacement of the
ground state of kaonic deuterium obtained above
should go through the calculation of the contribution
of the three-body inelastic channels, which we are
planning to carry out in our forthcoming publication.
Indeed, there are seven three-body inelastic channels
K−(pn)3S1

→ (NY )3S1
π → K−(pn)3S1

with NY π =
nΣ−π+, pΣ−π0, nΣ0π0, pΣ0π−, nΣ+π−, nΛ0π0 and
pΛ0π−, which would exceed a reasonable size of this paper.

The theoretical value of the energy level displacement
of the ground state of kaonic deuterium obtained above

can be used for the planning of experiments on the mea-
surement of the energy level displacement of kaonic deu-
terium by the DEAR Collaboration at Frascati.

We are grateful to Torleif Ericson, Alexander Kobushkin and
Yaroslav Berdnikov for numerous fruitful discussions.
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